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Ricci flow-existence

I Ricci flow equation

∂

∂t
g(t) = −2Ric(g(t)).

I Theorem (Hamilton-Shi)

If (Mn, g(t)) is a solution of the Ricci flow on a closed manifold on
maximum time interval [0,T ), where T < ∞, then

lim sup
t→T

|Rm(·, t)| = ∞.

I In other words, the solution exists as long as the curvature
stay bounded.
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Hamilton’s singularity analysis I

I The key is Hamilton’s compactness theorem and Perelmen’s
no local collapsing theorem.

I Theorem
If {(Mn

i , gi (t), xi )} with t ∈ (α, ω) ∈ 0 is a sequence of complete
pointed solutions of the Ricci flow satisfying that

|Rm(gi (t))|gi (t) ≤ C

for some C independent of i and

injgi (0)(xi ) ≥ δ > 0

for some δ independent of i , then there exists a subsequence which
converges as i →∞ to a pointed complete solution to Ricci flow
(M∞, g∞(t), x∞) with t ∈ (α, ω).
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κ-noncollapsed

I Definition
A Riemannian manifold (Mn, g) is said to be locally κ-noncollapsed
on the scale ρ if for any r ≤ ρ, and for any x ∈ M and the ball
B(x , r), such that if |Rm(y)| ≤ 1

r2 for all y ∈ B(x , r), then

V (x , r)

rn
≥ κ.

Theorem (Perelman)

Let g(t), t ∈ [0,T ), be a smooth solution to the Ricci flow on a
closed manifold Mn. If T < ∞, then g(t) is not locally collapsed
for any scale ρ > 0.
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The hinge

Theorem (Cheeger-Gromov-Taylor)

. For any c > 0, r0 > 0 and dimension n, there exists a constant
δ0 > 0 such that if (Mn, g) is a complete Riemannian manifold
with |Ksec| ≤ 1 and if

V (x0, r)

rn
≥ c

for any r ∈ (0, r0], then inj(p) ≥ δ0.

There exists a localized/stronger version.
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Fast and slowly forming singularities

I Let K (t) = sup |Rm |(·, t).

Definition
Every maximum solution is one and only one of the following types.
Type I: T < ∞ and sup(T − t)K (t) < ∞.
Type II (a): T < ∞, but sup(T − t)K (t) = ∞.
Type II(b): T = ∞ but sup tK (t) = ∞.
Type III: T = ∞ and sup tK (t) < ∞.

I Theorem (Hamilton-Perelman)

For any maximum solution to the Ricci flow which satisfies the
type I or II (a). There exists a sequence of dilations of the solution
which converges in the limit to a singularity model of the
corresponding type.
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Singularity models

I Definition
A solution to the Ricci flow (compact or complete with bounded
curvature) is called a singularity model if it is non-flat and of one
of the three types:
Type I: The solution exists for −∞ < t < Ω with 0 < Ω < ∞ and
|Rm | ≤ Ω

Ω−t , everywhere and with equality somewhere at t = 0.
Type II: The solution exists for −∞ < t < ∞, and |Rm | ≤ 1
everywhere with equality somewhere at t = 0.
Type III: The solution exist for −A < t < ∞ for some 0 < A < ∞
and |Rm | ≤ A

A+t .

I In the case of Type II and Type III, if the solution has
nonnegative curvature operator (or Kähler with bisectional
curvature), it must be a gradient/expanding steady soliton.
(Applications of Li-Yau-Hamilton inequality.)

I Note that both Type I and Type II solution are defined on
some interval of (−∞,Ω). We call such solutions (of Ricci
flow) ancient solutions.
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Ancient solutions

I Classifications/properties on the ancient solutions provide
useful information to understand the singularities.

I Examples:

Theorem (Perelman)

Any nonflat ancient solution with bounded nonnegative curvature
operator must satisfies

lim
r→∞

V (B(o, r))

rn
= 0.

I Consequences:
1) Curvature estimates for the ancient solutions.
2) Compactness on the space of 3-dimensional κ-noncollapsed
ancient solutions with bounded curvature.
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Kähler case

I Theorem
(N) Let (M, g(t)) be a complete non-flat ancient solution to
Kähler Ricci flow, with bounded nonnegative bisectional curvature.
Then V(g(t)) = 0.

I Here V(g) = limr→∞
V (o,r)

r2m .

I Similarly one can obtain similar curvature estimate, as well as
the compactness theorem for the Kähler ancient solutions
with nonnegative bisectional curvature satisfying differential
Harnack inequality.

I We shall look into the proof of Perelman’s theorem later on.
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Applications-an existence theorem on holomorphic
functions

I Theorem
(N) Assume that M satisfies 0 ≤ Ri ī j j̄ ≤ A for some A and of
maximum volume growth then

κ(M,OP(M)) = m.

Notation: OP(M) is the ring of the holomorphic functions of
polynomial growth.
κ(M,OP(M)) is the Kodaira dimension. It is the same as the
transcendental degree of the quotient field of the ring OP(M).

I Another consequence is a conjecture of Yau:
Assume that M satisfies 0 ≤ Ri ī j j̄ ≤ A for some A and of
maximum volume growth then the curvature of M has
average quadratic decay.
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maximum volume growth then

κ(M,OP(M)) = m.

Notation: OP(M) is the ring of the holomorphic functions of
polynomial growth.
κ(M,OP(M)) is the Kodaira dimension. It is the same as the
transcendental degree of the quotient field of the ring OP(M).

I Another consequence is a conjecture of Yau:
Assume that M satisfies 0 ≤ Ri ī j j̄ ≤ A for some A and of
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Another application of the singularity analysis

I Theorem (N-Wu)

Let (Mn, g0) be a complete Riemannian manifold with n ≥ 3.
Assume that the curvature operator R of M is uniformly bounded
(|Rijkl |(x) ≤ A) and satisfies that

R ≥ δS id > 0

for some δ > 0. Then (M, g0) must be compact.

I It can be viewed as a Bonnet-Meyer type theorem.
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Compact ancient solutions

Theorem (Hamilton)

The only solutions to Ricci flow on a surface which are complete
with bounded curvature on an ancient time interval −∞ < t < T
and where the curvature S satisfies

lim sup
t→−∞

(T − t)|S | < ∞

are round sphere and the flat plane, and their quotients.
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Remarks

I First S ≥ 0 by the maximum principle. In fact either S > 0 or
S ≡ 0.

I The condition
lim sup
t→−∞

(T − t)|S | < ∞

is the Type I condition.

I The proof has two parts. 1) Compact case, prove that it must
be the sphere quotient.
2) Rule out the noncompat, nonflat, type I ancient solutions
on surfaces.

I Observation: any ancient solution on surface can be extended
to an eternal solution.

I Then 2) follows from Hamilton’s LYH estimate St ≥ 0.
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Rosenau-King solution and Perelman’s 3-dim example

I Rosenau (-King) solution: On R × S1(2) define
h = dx2 + dθ2. Then the solution g(t) is

g(t) = u(t)h, u =
sinh(−t)

cosh x + cosh t
.

It can be extended to S2, the two-point compactification of
R × S1.

I Perelman showed the existence of a 3-dimensional example.
Moreover the example is κ-noncollapsed with positive
curvature.

I The example is obtained by taking the limit of a sequence of
solutions on (−ti , 0).

I Physicists are interested in the ancient solutions due to the
connection between the Ricci flow and the so-called RG flow
in string theory. We are informed that they have explicit
examples as Perelman’s for three dimension.
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Result

I Theorem (N, to appear)

Assume that (M, g(t)) is a closed type I, κ-non-collapsed (for
some κ > 0) ancient solution to the Ricci flow with positive
curvature operator. Then (M, g(t)) must be the quotients Sn.

I This provide a high dimensional analogue of Hamilton’s
surface result, at least for the compact case.
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A remark

I The positive/nonnegative curvature operator condition is not
too bad.

I Hamilton-Ivey estimate: If g(t) exists on (0,T ) with
0 ≤ t ≤ T and λ1(Rm) < 0, then (without assuming anything
on the initial condition)

S ≥ |λ1(Rm)|(log |λ1(Rm)|+ log(t)− 3).

I This implies that any compact ancient solution of dimension 3
must have non-negative curvature (operator).
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The proof

I Recall Perelman’s entropy functional for any τ > 0, a
Riemannian manifold (M, g)

W(g , f , τ) +
∫

M

(
τ(|∇f |2 + S) + f − n

)
u

for any u = e−f

(4πτ)n/2 with
∫
M u = 1.

I

µ(g , τ) + inf
u,

∫
M u=1

W(g , f , τ)

with µ(g , τ) → 0 as τ → 0 and µ(g , τ) →∞ as τ →∞, if
S > 0.

I

ν(g) + inf
τ

µ(g , τ) > 0

is meaningful for S > 0.

I Note that ν(g) is invariant under the scaling.
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Results used.

I Along Ricci flow ν(g(t)) is monotone non-decreasing in t with
equality holds if and only if g(t) is a gradient shrinking soliton

I The gradient shrinking solitons arise from the non-collapsed
ancient solutions as the blow-down limits, at least in the case
that the ancient solution has nonnegative curvature operator.

More precisely, for suitable chosen xi ∈ M, ti → −∞, the
re-scaled solutions (M, xi , gi (s)) with gi (s) = 1

−ti
g((−ti )s)

converges to a gradient shrinking soliton.

In the case of Type-I ancient solution, xi can be taken as
o ∈ M fixed.
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Convergence result

I Theorem (Bohm-Wilking)

On a compact manifold the normalized Ricci flow evolves a
Riemannian metric with positive curvature operator to a limit
metric with constant sectional curvature.



Diameter estimate

I Lemma
Assume that (M, g(t)) is an type I ancient solution of Ricci flow.
Assume that the diameter of M D1 + Diam(M, g(−1)) < ∞.
Then there exists a C = C (n,A) such that for any t ≤ −1, the
diameter of (M, g(t) satisfies

Diam(M, g(t)) ≤ (2C + max{D1, 1}+ 1)
√
−t.

I The similar result holds for the 2-positive curvature operator
(due to Böhm-Wilking’s general convergence result) and
positive complex sectional curvature (due to Brendle-Schoen’s
result on positive complex sectional curvature is preserved
under Ricci-flow and Bohm-Wilking’s general convergence
result).
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ASCR

I Motivated by the minimal surface theory one can perform
further blow-down analysis on ancient solutions.

I Two blow-downs. 1)Spacial; 2) Space-time as ti → −∞.

I Define another geometric invariant
ASCR(g) + lim supx→∞ R(x)r2(o, x). Here o ∈ M is a fixed
point.

I Property: (Hamilton) ASCR(g(t)) is independent of t for
ancient solutions with bounded nonnegative curvature
operator.
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Dimension reduction

I Theorem (Dimension reduction)

Let (Mn, g(t)) with t ∈ (−∞, ω), ω > 0, be a complete
noncompact ancient solution of the Ricci flow with bounded
nonnegative curvature operator. Suppose there exist sequences
xi ∈ M, ri →∞, and Ai →∞ such that r0(p,xi )

ri
≥ Ai and

R(y , 0) ≤ r−2
i for all y ∈ B0(xi ,Ai ri ).

Assume further that there exists an injectivity radius lower bound
at (xi , 0); namely, inj(xi , g(0)) ≥ δri for some δ > 0. Then a
subsequence of solutions (Mn, r−2

i g(r2
i t), xi ) converges to a

complete limit solution (Mn
∞, g∞(t), x∞) which is the product of

an (n − 1)-dimensional solution (with bounded nonnegative
curvature operator) with a line.

I Dimension reduction was introduced by Hamilton to study the
steady gradient solitons. Perelman is the one who first
introduce this version of dimension reduction.
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A helping lemma

I Lemma (Hamilton, Infinite ASCR point picking)

Let (Mn, g) be a complete noncompact Riemannian manifold with
ASCR (g) = ∞ and let O ∈ Mn. There exist a sequence of points
{xi}∞i=1 with d (xi ,O) →∞ and sequences εi → 0 and ri > 0 with
R (xi ) r2

i →∞ such that the balls B (xi , ri ) are disjoint,
d (xi ,O) /ri →∞, and

sup
B(xi ,ri )

R ≤ (1 + εi ) R (xi ) . (0.1)

This was proved by Hamilton in his ‘formation of singularities’
paper.
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Proof of Perelman’s theorem -following Hamilton

I First, for any Type I ancient solution with bounded
nonnegative curvature operator and ASCR < ∞, Hamilton
proved (in ‘Formation of singularity’ paper) that AVR > 0.

I Later on in the summer 2006 (MSRI) he showed that if
AVR > 0, it must implies that ASCR = ∞. In fact he showed
that there exists γ(s) such that R(γ(s)) ≥ δ > 0. The proof
uses his famous differential Harnack estimates and the
previous estimates on the volume element along a long
geodesic.
This rules out Type I ancient solutions with AVR > 0. Both
results are not easy. Detailed coverage (as well as other
arguments on this page) can be found in the book Hamilton’s
Ricci flow (with Chow and Lu).

I If the ancient solution is of Type II, one can obtain a gradient
steady soliton by the singularity analysis as before.

I Hamilton also proved (in ‘Formation of singularity’ paper)
that for nonflat steady soliton one always has ASCR = ∞.

I This proves Perelman’s theorem by the induction via the
dimension reduction.
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Perelman’s proof

I Perelman used his dimension reduction result to treat the case
ASCR = ∞. For ASCR = 0 he reduced it to the gap theorem
for manifold with nonnegative sectional curvature. The case
of 0 < ASCR < ∞, he argues that one can take limit to
converge to a cone and apply the maximum principal on the
smooth part of the cone.
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The Kähler case

I We used a different scheme of argument since the dimension
reduction uses Toponogov triangle comparison theorem.

I Our argument in fact also works for the real case and provides
a unified proof to both the real and Kähler case.

I Step1-reduce to gradient shrinking solitons:

Proposition

Let (M, g(t)) for t ∈ (−∞, 0) be an κ noncollapsed ancient
solution with bounded nonnegative curvature operator. Let
τ = −t. Then for suitable xi (τi ), the re-scaled pointed solution
(M, xi (τi ),

1
τi

g(tτi ) converges to s gradient shrinking soliton.
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Shrinking solitons

I Step2-A result on the shrinking solitons.

Proposition

Let (M, g) be a non-flat gradient shrinking soliton. Assume that
the Ricci curvature of M is nonnegative. Then there exists δ > 0
such that S(x) ≥ δ for all x ∈ M.

I Easy to show if curvature is bounded. Some cleverness is
needed for the case without curvature bound.

I Step3-Dimension reduction for the real case; For the complex
case, use a classification result instead.
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A classification result on solitons

I Theorem
(N) Let (Mm, g) be a non-flat gradient shrinking soliton to
Kähler-Ricci flow.
(i) If the bisectional curvature of M is positive then M must be
compact and isometric-biholomorphic to Pm.
(ii) If M has nonnegative bisectional curvature but not positive
then the universal cover M̃ splits as M̃ = N1 × N2 × · · · × Nl × Ck

isometric-biholomorphically, where Ni are compact irreducible
Hermitian Symmetric Spaces.

I Made essential use of earlier joint work with L.-F. Tam on the
structure of nonnegative curved Kähler manifolds.
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