APPENDIX C

Radiant affine 3-manifolds with boundary, and
certain radiant affine 3-manifolds

By Thierry Barbot! 2 and Suhyoung Choi

Let G be a group acting on an analytic manifold X. An (X, G)-manifold is
a manifold admitting an atlas with charts with value in X and whose coordinate
change mappings are restrictions of elements of G. It is well-known that equipping
a manifold M with an (X, G)-structure is equivalent to giving a pair (dev, p), where
dev is an immersion from the universal covering M of M into X, and where pis a
homomorphism from the fundamental group I' of M into G, such that

VyeTl devory=p(y)odev.

Here, the action of I' on M is of course the action by deck transformations. The
map dev : M — X is the developing map of the structure, and p : I' — G is the
holonomy homomorphism.

A radiant affine n-manifold is an (X, G)-manifold, where X is the vector space
R"™, and G is the group GL(n,R) of linear transformations (cf. [11]). Such a
manifold is naturally equipped with a transversely projective flow, the so-called
radial flow, defined as follows: if (z1,...,z,) are local coordinates, the vector field
generating the radial flow is:

X(z1,...,20) = Bj 120,

Observe that this vector field does not depend on the coordinate systems as long as
the origins are the same, and thus induces well-defined vector fields on M and on
M, which are said to be the radiant vector field. The flow generated by the vector
fields are said to be radial flow. The radial flow has unique singularity at the origin
O of R™ (cf. [11]) but nowhere on M, since dev misses O.

Let N be a closed real projective (n—1)-manifold, i.e. a (RP"~!,PGL(n, R)))-
manifold, where R P"~1is the real projective space of dimension n—1, and PGL(n, R)
is the group of projective transformations. Let ¢ be a projective automorphism of
N. We can associate to the pair (N, ¢) a family of radiant affine closed n-manifold:
i.e., generalized affine suspensions, homeomorphic to a topological suspension of N
by ¢ (see Chapter 4 and [8, 42, 11, 4]). They can be characterized by the following
property: a closed radiant affine manifold is o generalized affine suspension if and
only if its radial flow edmits a total cross-section, i.e. there is a closed embedded
submanifold transverse everywhere to the flow and which meets every orbit of the
flow. (See Proposition 3.2.) (Note that the term “affine suspension is reserved
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104 C. RADIANT AFFINE 3-MANIFOLDS WITH BOUNDARY

for the case when N and ¢ are both affine.) A Benzécri suspension is an affine
suspension so that ¢ is the identity or a finite-order automorphism of N. In this
case the all orbits are closed, and N is Seifert-fibered.

In this appendix, we study the following particular case which was left from
Chapter 12, i.e., Lemma 12.6, which is implied by the following theorem since
developing maps of a universal cover is always obtainable from developing maps of
the holonomy cover composed with the covering map to the holonomy cover from
the universal cover.

THEOREM C.1. There is no closed radiant affine 3-manifold whose developing
map from the universal cover is an infinite cyclic covering over R® minus a line.

A subsurface S in an affine 3-manifold is totally-geodesic if every point of S has
a neighborhood O affinely diffeomorphic to an open subset of R® or of an affine half-
space of R so that SNO corresponds to a closed affine subspace of codimension-one
intersected with the open set. A totally geodesic subsurface has a natural induced
affine structure as a two-dimensional manifold. A boundary component of an affine
3-manifold is totally geodesic if each boundary point has a neighborhood affinely
diffeomorphic to an open subset of a half-space in R2.

THEOREM C.2 (Theorem B of Barbot [3]). Let M be a closed radiant affine
3-manifold. If M includes a totally geodesic surface tangent to the radial flow, then
M admits a total cross-section; i.e., M is a generalized affine suspension.

The second result of this appendix (Theorem 4.4), we will prove is:

THEOREM C.3. Let M be a compact radiant affine 3-manifold with a nonempty
totally geodesic boundary. Suppose that each component is affinely homeomorphic
to the quotient of a convez cone or R? — {O} by an affine action. Then M admits
a total cross-section to the radial flow, and hence is a generalized affine suspension.

We cannot prove this theorem by a method of “doubling”: Some radiant affine
3-manifold N may not doubled, i.e., there may not be a radiant affine 3-manifold
homeomorphic to the topological double of N in which N and a copy of N are
affinely imbedded, meeting at boundary. An example comes from a convex real
projective surface ¥ with negative Euler characteristic and the boundary component
with holonomy 1 that has a nondiagonalizable 3 x 3-matrix with two distinct positive
eigenvalues ([13] and [15].) These real projective surfaces exist, of course, as one
can see that the construction of convex real projective surfaces in Goldman [24] can
be modified to construct convex ones with this behavior. Such a holonomy 9 does
not commute with a projective automorphism in RP? whose fixed points comprise
a subspace that 1 preserves. We can easily see that the Benzécri suspension of X
cannot be doubled in the above sense.

The proof of the theorem is essentially that of Theorem B in [3] where the
totally geodesic surface now is in the boundary.

We remark that the theorem is true without the assumption on boundary com-
ponent which can be proved applying Barbot’s method [3] for totally geodesic
surface in the manifold tangent to the radial low. For simplicity of proof, we prove
this weaker but sufficient version here.

The proof of the first one goes as follows: we assume the existence of a radiant
affine 3-manifold whose developing map is an infinite cyclic covering over R3\ {z =
y = 0} where z,y, and z denote the standard coordinate functions of R3.
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In the first section, we prove that the holonomy group is solvable: indeed,
if not, it contains a hyperbolic element p(y) with one eigenvalue greater than 1,
another less than 1 (and positive), and the last exactly equal to 1. The contradiction
nearly arises from the fact that such a linear transformation does not act properly
discontinuously on R3\ {z = y = 0}, whereas y must act properly discontinuously
on M.

Since the holonomy group is solvable, the affine 3-manifold is a generalized affine
suspension ([4]). Therefore, to achieve the proof, we will show that no projective
surface has a developing map which is an infinite cyclic covering over the sphere
minus two points.

For the second theorem, we will only prove for the cases when the fact that M
has nonempty boundary makes any difference from the proof of Theorem B of [3].

If the holonomy of the boundary component contains a homothety, i.e., a linear
transformation that is a positive multiple of the identity map, then all radial flow
orbits are periodic and it follows easily that our manifold has a total cross-section.
First, we show that if the boundary surface is not convex as an affine 2-manifold,
then our affine manifold is a half-Hopf manifold. Then we look at the holonomy
group of the fundamental group of the boundary component, which we may assume
is an affine torus, and classify them into six cases as in [3]. Only four cases are
applicable since the boundary torus is convex. We will show that in each case, our
radiant affine manifold is finitely covered by torus times an interval which decom-
poses into submanifolds which are affinely isomorphic to domains in R® quotient
out by linear Z + Z-action. We show that the third case is a generalized affine sus-
pension and forth cases are impossible and in the remaining two cases, the pieces
must be generalized affine suspensions. (This proof is mostly a generalization of
that of Theorem B in Barbot [3])

1. The nonexistence of certain radiant affine 3-manifolds

Let M be a closed radiant affine 3-manifold. We denote by ®? its radial flow.
We denote by p: M — M the universal covering (we don’t worry about the choice
of a base point). Let T’ be the fundamental group of M: it acts naturally on M.

Let dev : M — R3 be the developing map, and p : T' — GL(3,R) be the
holonomy homomorphism. They satisfy:

VyeT devory=p(y)odev.

As above, the radial vector field induces radial flows in M and M respectively.
The orbits are said to be rays and dev restricted to each ray is a homeomorphism
onto rays in R3 by Lemma C.1; i.e., an open half-line with endpoint at 0.

LEMMA C.1. Let G be a Lie group acting on two manifolds X and Y. Let
f: X — Y be a function equivariant for the actions of G. Let z be an element
of X such that f(z) is fized by no element of G. Then, the restriction of f to the
G-orbit of = is injective.

ProoF. For every element g of G we have f(gz) = g.f(z). O

We now assume that dev is an infinite cyclic covering map over R3\ A, where
A is a line through the origin O. Our aim is to obtain a contradiction.

Since we want to show that such a M does not exist, we are free to replace M
by any finite covering of itself. For example, we can consider only the case where M
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is oriented, i.e. the case where every element of the holonomy group is of positive
determinant.

Since dev is well-defined up to composition by a linear transformation, we can
assume that A is the line {z = y = 0}. Then, since A has to be p(T')-invariant,
every element p(v) of the holonomy group is of the form:

_ 0
p(7) = AU
* x  Aly)

where A(7) is a non-zero real number, and g(7y) an element of GL(2, R). Clearly, A
and p are homomorphisms.

We discuss more on generalized affine suspensions (see also Chapter 4): Let
¢ : N —» N a projective diffeomorphism of a real-projective (n — 1)-manifold
N. Recall that S~ ! has a real projective structure induced from RP"~! by the
standard double cover, and the group Aut(S™~!) of projective automorphisms of
S™~1, which is isomorphic to the quotient group of GL(n, R) by homotheties. (S™~*
with this structure is said to be a real projective sphere.) We can always lift the
chart of N to RP*! to S*! with respect to the standard double cover. Then
the transition functions then lie in Aut(S™~1!) since a projective map defined on a
small open subset of S"~! extends to one defined on S™~! always (see Chapter 2
of [17]). We gather that N has a natural (S™~1, Aut(S™~1))-structure.

Let f; : V; — U; C S™! be a family of projective charts covering N. When V;
meets V;, we have an element g;; of Aut(S™~!) such that on V; NV;:

fi = §ij o fj.

Let’s choose representatives g;; of the g;; in GL(n, R). We impose the condition
9ii9ixgr: = L if V; N V; NV; is not empty. Such a choice is always possible: take
for example the unique representative of g;; with determinant £1. The set of the
possible choices is parameterized by the cohomology group H!(N,R) of N. For
every %, let W; be the open cone in R™ with vertex at 0, the union of the half lines
belonging to U;. Let denote by W the quotient of the disjoint union of the W; by
the relation identifying each element z; of W; with the element g;;(z;) of W; (when
gij(z;) belongs effectively to W;, of course). This quotient is a noncompact radiant
affine manifold, equipped with a complete radial flow dt. The quotient of W by
the relation ‘being on the same orbit of Pt is homeomorphic to N. The quotient
map is a fibration by rays. Let Ng be any section of this fibration. The manifold
W is diffeomorphic to N x R.

Remember the projective transformation ¢ of N. It lifts to an affine diffeomor-
phism ¢ of W well-defined up to composition by t. If T is big enough, <i>T¢(N0) is
a section of &t disjoint from Ng. Therefore, for every real positive ¢, <i>t¢ acts freely
and properly discontinuously on W. The quotient of this action is a closed radiant
affine manifold homeomorphic to the topological suspension N, of o : N — N.

Actually, such a lifting does not always exist for any choice of W, but for
many of W above the given X, we can perform such liftings. The condition is:
let p: (W) — GL(n, R) be the holonomy homomorphism of W. Observe that
71 (W) is isomorphic to w1(N). Let ¢, be the automorphism of 71(N) induced by
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. Then, ¢ lifts if and only if det op is constant on the orbits of ¢,. For example,
the choice of the g;;’s of determinant +1 works.

Observe also that the construction is not uniquely defined: we made some
choices. These choices are parameterized by an open subset of the first cohomology
module H'(N,, R) satisfying the above requirement.

By construction, the radial flow of a generalized affine suspension admits a
closed total cross-section homeomorphic to X. Note that this section, equipped
with the projective structure induced by the transverse projective structure of the
radial flow is isomorphic to the initial projective surface X. (See Proposition 3.2.)

Returning back to our radiant affine 3-manifold M:

ProrosiTION C.1. The holonomy group p(T') is solvable.

ProoF. Denote by I'V the first commutator subgroup of I'. Since A and p are
homomorphisms, for every element of IV we have:

e () belongs to SL(2, R),

e A(y)=1.
Observe that by definition p(T') is solvable if and only if g(I") is solvable.

Let F° be the foliation of R®\ A whose leaves are the half-planes containing
A in their boundaries. The leaf space of this foliation, i.e. the quotient of R®\ A
by the relation “being on the same leaf of F°”, is naturally identified with the
double covering of the real projective line RP!. Let F be the pull-back of F° by
D. Since dev is an infinite cyclic covering, F is a foliation whose leaf space is
naturally identified with the universal covering P! of RPL. The action of I on the
leaf space induced by the action of T’ on Misa lifting of the projective action of
p(7') € SL(2,R) over RPL. According to Lemma C.2 below, if 5(I') is not solvable,
there is an element v of IV preserving a leaf F of F, and such that in an adequate
coordinate system:

A 0 0
p(y)=1 0 2t 0
0 0

for some real positive A different from 1.

We fix this coordinate system with coordinate functions denoted by z,y, and 2
still. Since the required coordinate change sends the standard coordinate vectors to
the eigenvectors of p(7), and the z-axis is in the eigendirection, A is still given by
z = 0 and y = 0. Leaves of F° are again given as zero sets of linear functions of the
new coordinate functions z and y only. We may assume without loss of generality
that F maps in the plane given by z = 0 under dev.

Let P be the inverse image by dev of the punctured plane {z = 0}\ {(0, 0, 0)}.
Since dev is an infinite cyclic covering missing A, it follows that P is connected,
and the restriction of dev to P is an infinite cyclic covering to the punctured
plane. Moreover,  preserves P. Since <y preserves the leaf F' also, v preserves each
connected component of dev_l({z = z = 0}) and, by same reason, dev_l({z =
y = 0}). Let C be a connected component of dev_l({z =0,z >0,y > 0}). It
is preserved by v, and the restriction of dev to C is a homeomorphism over {z =
0,z >0,y >0}\{(0,0,0)}. The action of p(y) on {z =0,z > 0,y > 0} \ {(0,0,0)
is given by (z,y,0) — (Az,A71y,0). It is not properly discontinuous, since any
path joining {z = 0,z = 0,y > 0} to {z = 0,z > 0,y = 0} intersects all its iterates
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by p(7v). This is a contradiction since the action of ¥ on C has to be properly
discontinuous. It follows that 5(T'), and therefore p(T'), is solvable. O

For the proof of the following lemma C.2, we must first recall some facts about
the actions of PSL(2, R) and its universal covering §f;(2, R) on RP! and its uni-
versal covering, respectively. Let ¢ : §f;(2,R) — PSL(2,R) denote the covering
map. Every element g of PSL(2, R) is either:

e elliptic: g has no fixed point in RPL. It is conjugate to a rotation,

e parabolic: g has one and only one fixed point. This fixed point is of saddle-
node type, i.e. attractive on one side, and repulsive on the other side,

e hyperbolic: g has two fixed points: a repulsive one and an attractive one. It
is conjugate to the element represented by:

(0]

An element of §I:(2, R) is said to be elliptic, parabolic or hyperbolic according
to the nature of its projection g(g). If this projection is trivial, g belongs to the
center H of §f1(2, R). The group H is infinite cyclic. Let h be a generator of H. If
g is not trivial and admits fixed points on the universal covering P of RPL, it is
parabolic or hyperbolic. In the first case, its fixed points are of saddle-node type;
in the second case, they are attractive or repulsive.

LEMMA C.2. Let T be a subgroup of §f;(2,R). We assume that g(T") is not
solvable. Then, it contains a hyperbolic element that fizes a point of P*.

ProoF. Note that I' is not solvable since it is a cyclic extension of ¢(T') which is
not solvable. According to Holder’s theorem (see e.g. [25], IV.3.1), a group acting
freely on the real line is Abelian. Therefore, the action of I' on P! is not free: some
element 9 of I' admits a fixed point z¢ in P If 7o is hyperbolic, we are done.
If not, 7o is parabolic. Then, the fixed points of vy are the H-iterates of zo. We
denote by z; the image of z¢ by ht. Observe that since Plis homeomorphic to the
real line R, orienting P! is equivalent to equip it with an archimedian total order.
We orient P! in such a way that z; is greater than zo. Taking the inverse of 7g if
necessary, we can assume that all the yo-orbits in the open interval |zg, z1[ go from
zg to zq.

The stabilizer in PSL(2, R) of a point in RP! is isomorphic to the group of
affine transformations of the line. It is therefore solvable. It follows that there is
an element v of T' such that y(zo) is not one of the z;’s. Let v; be the conjugate
Yy0y~!. It is parabolic and fixes y(zo). Therefore, it admits a fixed point z§ in
Jzo, z1]. Then, 97 *y0(z0) = 77 *(z0) is less than zo, and 77 "yo(z}) is greater than
zl, since z}, is a fixed point of 77! and 7o(zh) is greater than z). Therefore, the
closed interval [z, )] is contained in its image by 77 *vo. It follows that y; '7o is
a hyperbolic element admitting a repulsive fixed point in ]z, zg|. O

We know from Proposition C.1 that the holonomy group is solvable. It fol-
lows from Theorem A of [4] that M is affinely isomorphic to a generalized affine
suspension. In particular, the radial flow admits a total cross-section.

Let ¥ be such a total cross-section, and Ta lifting of ¥ in M, i.e. a connected
component of p~1(X). Let & be the lifting of ®* in M. Since ¥ is a total cross-
section, it is a fiber of some fibration of M over the circle. Hence, M \ ¥ is
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not connected. Every orbit of ®! meets . This orbit remains in the past in
one connected component of M \ 3, and in the future, it remains in the other
connected component. In other words, every orbit of ®! meets 3 at one and only
one point. The developing map sends injectively every orbit of &* over a half-
line in R® (Lemma C.1 applied to the R-actions). Therefore, it induces a local
homeomorphism dev’ from ¥ on the sphere S? of half-lines. We denote by S,
the sphere S? punctured at (0,0,1) and (0,0, —1). Since dev is an infinite cyclic
covering over R®\ A, the map dev’ is an infinite cyclic covering over S,. Therefore,
3 is the universal covering of X, and dev’ is the developing map of a real projective
structure on . The holonomy homomorphism g of this structure is the composition
of the restriction of p to I with the projection of GL(3,R) in Aut(S?), where [is
the group of elements of I' which preserve 3.

In order to find a contradiction, i.e., in order to achieve the proof of Theorem
C.1, it suffices to show:

ProprosITION C.2. Given an real projective structure on the closed surface X,
its developing map dev’ can not be an infinite cyclic covering over S,.

PRrROOF. Suppose that ¥ is a closed surface with such a structure. We first
complete by by the path-metric induced from the Riemannian metric u on S? by
dev’ obtaining the Kuiper completion 3 of 3. Recall that Yoo denotes the set of
ideal points 3 — 3. The developing map dev’ also extends to an obvious distance
decreasing map : ¥ — S2. In our situation, it is easy to see that there exist only
two ideal points in 3, mapping to (0,0,1) and (0,0, —1), and that ¥ is obtained
from & by adding these two points.

Our surface ¥ is obviously not convex since 3 is not convex. A 2-crescent in
M is a convex hemisphere or lune D in M with interior in M and the interior
of a convex segment in the boundary 6D of D includes the nonempty M N éD.
Theorems 4.6 and 4.5 of [17] show that ¥ includes a 2-crescent (see also Section
5 of [13]). By definition of 2-crescents, there exists a nontrivial open arc in the
boundary of the 2-crescents that is in f]oo, and hence the set of ideal points in a
2-crescent is uncountable. However, 3 contains only two ideal points. This is a
contradiction. O

2. Radiant affine 3-manifolds with boundary have total cross-sections

Now we begin the proof of Theorem C.3. Let M be a compact radiant affine 3-
manifold with totally geodesic boundary. Since we may prove the result for a finite
cover of M, we assume without loss of generality that the boundary components of
M are tori.

LEMMA C.3. A radient affine 3-manifold M admits a total cross-section if and
only if it has a closed 1-form taking a positive value for each radiant vector.

Proor. The existence of a total cross-section and the flow is transversal to it
shows that M is diffeomorphic to a bundle over a circle so that the radiant vector
field corresponds to the vector field transversal to each fiber. The differential of the
fiber map gives us the closed form.

Given a closed form with above property, we can approximate it by a non-
vanishing closed form with rational period. Such a closed form obviously gives a
fibration M — S (see [46]). O
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LEMMA C.4. If M is a radiant affine 3-manifold, and a finite cover N of M
admits a total cross-section to the radial flow, then M admits a total cross-section.

PROOF. A total cross-section in N corresponds to a closed 1-form on N which
is positive for radial vectors. Clearly such 1-form descends to one on M by averaging
over the finite group action as the action should preserve the flow direction. O

Let M be the universal cover of M with a development pair (dev,h). The
radiant flow lines induce a rediant foliation on M. Let Q be the space of leaves
of the radiant foliation in IlZf, which has a natural real projective structure. The
group of deck transformations acts on @ as a group of projective automorphisms
(see Barbot [3] for details). As M is simply connected, Q is simply-connected also.

There is a quotient map f : M- @ which is a fibration whose fibers are rays.
We see that the developing map dev induces an immersion dev’ : Q@ — S? where
S? is the space of rays in R3, and the deck transformation group acts on @ so that
h'(9)odev’ = dev’ o9 for a deck transformation 9 and h/(9) the induced projective
map from k().

Choose a boundary component K of M and a component K of p }HK). As K
is tangent to the radial flow, K has Euler characteristic zero. By taking a finite
cover of M, K is assumed to be a torus. A deck transformation group G which is
a subgroup of w1(M) and isomorphic to Z or Z + Z, acts on K. Let ¢ be the image
of K in Q, which is a simple geodesic in the boundary 8@ of Q.

An affine automorphism ¢ : M—> Misa homothety if each ray is preserved
and dev o ¢ = sl o dev for a positive scalar s. Note that an affine automorphism
¢ of M always induces a real projective automorphism of Q and ¢ acts trivially on
Q@ if and only if ¢ is a homothety.

Let 9 be an element of G. Then ¥ is not a homothety. If not, then the radial
flow is periodic, and M is easily shown to be a Benzécri suspension by Proposition
3.3 of [3]. (Note that for these arguments, there is no difference when M is closed
or has nonempty boundary.) We are done in this case.

As K is totally geodesic, ¢ = f(f{) is a geodesic boundary component of Q.
Suppose that K is compressible in M. Then K is compressible in M. Let D be
an imbedded compressing disk with boundary in M. Then the radial projection
fID : D — @ maps a disk D onto @ with boundary 8D onto a boundary component
c= f(K) of Q. This means that @ is a compact surface, and hence @ is a compact
disk. As @ is bounded by a geodesic ¢, @ must be projectively diffeomorphic to
a 2-hemisphere, and dev’ is an embedding onto a 2-hemisphere in S2. (This can
be seen by a doubling argument and the uniqueness of projective structure on SZ2.)
This shows that M is affinely diffeomorphic by dev to an affine half-space with
boundary containing O with O removed.

LemMA C.5. Suppose that Q is real projectively diffeomorphic to @ hemisphere
in 82, or M is affinely diffeomorphic to an affine half-space Hy with boundary
containing O with O removed. Then M 1is a half-Hopf manifold.

Proor. We will use the second hypothesis. The punctured half-plane H; —{O}
includes a compact disk D with boundary in 8 H; —{O} which is transversal to every
ray. There exists a deck transformation 9 of H; — {O} sending D to 9¥(D) disjoint
from D as the deck transformation groups are properly discontinuous. Clearly
H; — {O} quotient out by ¥ has a total cross-section corresponding to D, and is a
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half-Hopf manifold. Hence, M is finitely covered by a generalized affine suspension,
and so M is a generalized affine suspension. The total cross-section has positive
Euler characteristic, and hence is a compact disk transversal to radial flow. The
lemma now follows. O

Assume that K is incompressible from now on. First, suppose that K is affinely
homeomorphic to a quotient of R2 — {O} by an affine action. Now, we need to use
the holonomy cover My of M, i.e., the cover of M corresponding to the kernel
of the holonomy homomorphism h. As we described in [17], the developing map
dev induces an immersion devy, : M; — R? and the holonomy homomorphism
induces a homomorphism hy, : m1(M)/7m1(Mp) — GL(3,R). Also f induces a
fibration f : My — Qp to a projective surface Q) covered by . The immersion
dev; induces an immersion dev;L : Qn — S? and hy, induces a homomorphism
R, @ w(M)/m1(My) — Aut(S?). The surface K corresponds to a surface Kj
covering K. We see easily that K}, is affinely diffeomorphic to R? — {O}. A deck
transformation group Gy, acts on K}, so that K is affinely homeomorphic to K /Gh.
Hence G}, is an infinite cycle group.

A homothety in M}, is an affine automorphism ¢ of M}, acting on each ray and
satisfying dev o ¢ = sl o dev for a positive scalar s. As above, if an element of G},
is a homothety, then M is a generalized affine suspension.

Assume now that no element of Gy, is a homothety. We claim that in this case
M is a half-Hopf manifold. Let ¥ be a generator of G,. Then hy(¥) acts on the
totally geodesic plane P including devy(Ky). We assume that P is the zy-plane
for simplicity. As no element of Gy, is a homothety, Gy, acts effectively on Q5. We
divide our cases according to the conjugacy classes of h}(¥) in Aut(S?), depending
on the conjugacy classes of the corresponding matrix M (). Let P’ be the great
circle in S? corresponding to P, and H; and H; the two hemispheres bounded by
them. We easily see that one of the following occurs:

(i) The only hj (¥)-invariant subset of H; including a neighborhood of P’ in H;
is H; itself.
(ii) The only subset of H; with this property equals H; — {z} for a point z € H?.
(iii) A} (9) under a suitable coordinates of the affine space H; is of form

( cos 2w sin21r9) 60,

—sin278 cos 276

Note that dev},|c is an imbedding onto P’, and hence a neighborhood U of ¢
in @, imbeds onto a neighborhood of P’ in say H;. We see that dev} o 9|U =
Rk, (9) o dev},|U, and so dev,|9(U) is also an imbedding onto a neighborhood of
P'. Therefore, by induction, we see that dev}| Uiez 9*(U) is an imbedding onto
an h} (9)-invariant subset of H, including a neighborhood of P’.

In case (i), @, maps homeomorphic onto Hi, and by Lemma C.5, M is a
half-Hopf manifold.

In case (ii), Q» maps homeomorphic to H; — {z}. Therefore M} under devy,
maps homeomorphic to Hj — ! for the upper half-space Hj corresponding to H;
and a line ! through O transversal to the zy-plane. Hence, we may identify M}
with its image, and each deck transformation acts on ! and the upper-half space.
We see that the group of deck transformations acting on K} equals the entire deck
transformation group of of M} and hence the group of deck transformations acting
on K equals 71(M). This means that K is homotopy equivalent to M by the
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inclusion map where K = M. We see easily by a topological doubling argument
and Zjy-homology computation that such a situation cannot happen.

In case (iil), § must be irrational since otherwise h} (1) is periodic and hence 9
must be periodic near ¢, and hence on @p; but this means that a power of 9§ is a
homothety on Mjy.

Under the suitable coordinates, for some large r, there is an open neighborhood
U, of ¢ which under dev} maps homeomorphic to the set of form the union of P’
and the complement of a ball of radius r.

Let ro be an infimum of possible values of . Then we see easily that U,,
exists. We claim that (1) Q4 equals this set U,, or (2) @, maps homeomorphic
to H; under dev). Suppose that there exists a boundary point z of U,, in Q.
also. As 9 acts as an irrational rotation, we see that every point of the boundary
of dev'(UrD) is an image of a boundary point of U,, in @x. Assume that ro > 0.
In this case, the boundary v of U,, in Q) maps homeomorphic to the closure '
of the orbit of ¥ in H;, which is homeomorphic to a circle. If there exists a point
of 8Q} in the boundary 7, then every point of v is in 8@ as Q4 is closed and
9 acts on 8Qy. But this implies that a boundary component of M} is not totally
geodesic. Therefore, there exists a regular neighborhood of 4y mapping to a regular
neighborhood of 7’. This contradicts the minimality of r¢ if 7o > 0. Hence, we
obtain that U,, = @». When ro = 0, the claim follows easily.

In case (1), we obtain that M) maps homeomorphic under devy to the com-
plement L of a closed convex cone in Hj not meeting the boundary P — {O}. We
identify Mj with this set L. Then a contradiction as in (ii) occurs.

In case (2), we see that M is a half-Hopf manifold by Lemma C.5.

Now, we will be working on M from now on (i-e., not on Mp). We assume that
K is affinely homeomorphic to a convex cone in R? from now on.

Since h(G) acts on a convex cone dev(K), if h(p) for ¢ € G is a homothety,
then ¢ is a homothety near K in IlZf, and hence ¢ is a homothety on M. Thus goh
is injective. We identify G with h(G) from now on.

Let ¢ : GL(3,R) — SL(3, R) be the homomorphism whose kernel consists of sI
for s # 0. Since no element of G is a homothety in M, Barbot [3] shows that the
identity component H of the Zariski closure of ¢(G) is conjugate to the following
groups:

Case D: H is the group of all diagonal matrices with positive eigenvalues.
Case P: H is the group of matrices of form:

e* t 0
0 e* 0],uy,veER,2u+v=0.
0 0 ¢

Case U: H is the group of matrices of form:

,8,t € R.

(= R
(=
= O ok
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Case C: H is the group of matrices of form:

t
s|,s,teR.

[ R R
S = »

Case S: H is the group of matrices of form:

e¥cosf e*sinf 0
—e¥sinf e%cosf 0 |,u,t€R,2u+v=0.
0 0 e

Case T: H is the group of matrices of from:

1 0 s
01 t],s,teR.
0 0 1

Since ¢(G) N H must be a finite index subgroup of ¢(G), we assume that ¢(G)
is a lattice of H by taking a finite cover of M and choosing (dev, h) carefully, i.e.,
conjugating h by an element of GL(3, R).

Let ¥ be an element of G. Then since ¥ acts on dev(f{) a convex 2-dimensional
subset, case S does not occur here. In case T, G acts on zy-plane as a homothety,
and there are no other G-invariant subspaces of codimension one as ¢(G) is a
Zariski dense subgroup of H. But since dev(K) is a G-invariant subspace so that
dev(K)/G is homeomorphic to the torus K /G, this is a contradiction. Hence case
T does not occur.

LEMMA C.6. Let D be a convez cone in R2, and G’ an abelian group isomor-
phic to Z+ Z. If D/G is homeomorphic to a torus, then an element of G' is not a
homothety.

Proor. If each element of G’ is a homothety, then each element of G’ acts on
each ray in D ending at O. Since Z + Z cannot act properly discontinously and
freely on a real line, this is absurd. O

We see that G is a lattice in a connected two-dimensional subgroup of group

H of matrices in GL(3,R) as follows:

Case D: H is a group of all diagonal matrices of positive eigenvalues.
Case P: H is a group of matrices of form

e t 0
0 e 0|,u,v,teR.
0 0 e

Case U: H is a group of matrices of form:

0 e s |,usteR.
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Case C: H is a group of matrices of form:

e s t
0 e 0],usteR.
0 0 e*

We say that an affine 3-manifold M decomposes into affine 3-manifolds Ny,..., N,
if each N; is the closure of a component of M with two-sided separating totally ge-
odesic surfaces in M removed.

ProprosITION C.3. Our manifold M or a finite cover of M decomposes into
compact rediant affine 3-manifolds N; each of which is affinely isomorphic to a quo-
tient of @ domain in R® — {O} by an action of G. Every piece N; is homeomorphic
to torus times an interval and has totally geodesic boundary which are tori isotopic
to K or a finite cover of K.

ProoF. The proof as follows is similar to what are in [3]:

The group H acts on the projective sphere S? effective as a subgroup of the
group Aut(S?) of projective automorphisms of S2. The space S? decomposes into
two-dimensional open orbits and one-dimensional orbits and zero-dimensional orbits
under H.

Case D: The zero-dimensional orbits are six points in S? comprising three
pair of antipodal points, one-dimensional ones are twelve lines in S? with
endpoints in the three points, and two-dimensional orbits are eight open
triangles bounded by the closures of the lines.

Case P: The zero-dimensional orbits comprise two pair of antipodal points
{p, —p} and {q, —g¢}, one-dimensional orbits are four lines with endpoints
+p and +¢q and two lines that is a great circle containing p, —p with p and
—p removed, and two-dimensional orbits are four open lunes bounded by
the closure of the union of one-dimensional orbits.

Case U: Zero-dimensional orbits are two points p and —p. One-dimensional
orbits are two components of a great circle containing p and —p with {p, —p}
removed. Two-dimensional orbits are two open hemispheres bounded by the
great circle.

Case C: There are two cases:

(i) Zero-dimensional orbits are two points p and —p. One-dimensional
orbits are great circles containing p and —p with p and —p removed.
Their union equals S? — {p, —p} and there are no two-dimensional
orbits.
(ii) Zero-dimensional orbits are points of a great circle through two points
{p, —p}. One dimensional orbits are the other great circles through p
and —p with p and —p removed. There are no two-dimensional orbits.
We see that all one-dimensional orbits are simple geodesics in S? and are not closed
ones.

Recall that the developing map dev : M — RS3 induces an immersion dev’ :

@ — S? and the deck transformation group acts on @ as well so that dev’ o %
equals h/(9) o dev’ where h'(9) = g o h(¥9) for each deck transformation 9 of M.
(The action is not necessarily proper.)

LeMMa C.7 (Lemma 2.4.3 of Dupont [19]). Let V be a (U, X )-manifold where
U is a Lie group acting on a space X. Let L be a connected subgroup of U, andw an
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L-orbit in X and & a connected component of D~ (w) where (D, j) is a development
pair of V.. Suppose that the action of L on w is covered by the action of L on @, and
there ezists a subgroup To of deck transformation group so that @/Tq is compact
and j(To) is in L. Then the action of L on a neighborhood of w is covered by an
action of L on a neighborhood of @ such that, for any element v of T'g, the action
of () coincides with the action of v as a deck transformation.

Since G acts on f(f{) C @ as in the premise of the above lemma, the extension
argument (i.e., the proof of Theorem B in [3] using essentially Lemma C.7) shows
that H acts on @, @ is a union of orbits of dimension zero, one, or two, and each
orbit maps homeomorphic to an orbit in S2 under dev’. The proof of this claim,
similar to what is in [3], goes as follows: Let O be the maximal connected subset
of @ including ¢ where the H-action is defined and whose restriction to G coincide
with the deck transformation action. Our claim follows from the following lemma:

LEMMA C.8. The H-action is defined everywhere, i.e. O equals Q.

Proor. We have to give a more precise definition of O: this is the maximal
connected subset including ¢ of the set of points # in @ such that:

e There is a continuous action of H on @ so that for any element & of H on
some element k.z, such that, for every k, dev’(k.z) = kdev'(z).

o for every element g of G, we have the equality g.z = gz (remember that G
is a group of deck transformations, and therefore acts on Q).

The fundamental group of an orbit of the radial flow is trivial or cyclic. It
follows that there are no zero-dimensional H-orbits in O. (An Abelian group of
rank 2 such as G cannot act on a connected one-dimensional space properly dis-
continuously and freely.)

By Lemma C.7, O is open. Since @ is connected, the lemma will be proven if
we show that O is closed.

As H acts on O, O is a union of one- or two-dimensional H-orbits in Q. The
restriction of dev’ to each H-orbit maps homeomorphic to a H-orbit in S? by
Lemma C.1. In particular, two-dimensional H-orbits in O are open surfaces, and
G acts properly discontinuously and freely on each of them.

We note that each two-dimensional H-orbit in O has to have at least one
adjacent one-dimensional H-orbit. If not, the two-dimensional orbit is disconnected
from ¢, a contradiction. (This fact is needed at the end of this argument.)

We see that O is a union of one-dimensional orbits in case C, or two-dimensional
orbits and adjacent one-dimensional orbits joined in a “chain-like” manner in cases
D, P, and U.

Suppose that z is a boundary point of O in @. We aim to obtain a contradiction.
If dev’(z) lies in a zero-dimensional orbit of H, then z is a zero-dimensional orbit
of H. This is a contradiction by above. The image dev’(z) does not lie in a two-
dimensional orbit as each two-dimensional H-orbit of @ is open in @ and O is a
union of H-orbits of Q. Let dev’(z) be in a one-dimensional orbit J, which is a
geodesic, and let J’ be a component of dev’'(—1)(J) containing z. Then J' is a
closed subset of Q. The restriction of dev’ to J’ is injective.

Suppose that the intervals J and dev’(J’) have a common endpoint. Then,
for any element g of G, the intervals dev’(J’) and gdev’(J’) are not disjoint.
Actually, inverting g if necessary, we can assume that dev’(J’) contains gdev'(J').
Since the restriction of dev’ to every H-orbit in O is injective, a union A of some
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H-orbits near J' is an open set where H-acts, and the restriction of dev’ to A
is injective. (We can use a two-dimensional orbit for A unless we are in case C.)
Since dev’ restricted to AU J’ and AU g(J’) are both injective, dev’(J’) contains
gdev'(J’). Tt follows that J’ is G-invariant. We deduce that J' is contained in O;
a contradiction.

Therefore, the endpoints of dev(J’) both belong to J.

Suppose that no element of G fixes a point of J. Then, all the G-orbits in J are
dense. There is an element g of G such that g(dev’(J’)) meets dev’(J’). Since as
above dev’ restricted on AU J’ and AU g(J’) are both injective, J' is g-invariant,
meaning that H acts on J' again.

This contradiction shows that some element g of G acts as an identity map on
J. Therefore, the totally geodesic surface D in M corresponding to J' is filled with
rays on which g acts, and hence, maps to the union of closed orbits of radial flow
in M.

We claim that, for any deck transformation ¥, J' cannot meet 9(J') in a
transversal manner. Suppose not. Then D and ¥(D) meet at a ray I. This ray is
fixed by g, hence g is a power of a deck transformation g’ so that I/(g’) maps to
the closed orbit in M. Similarly, 9 o g 0o 97! is a power of g’. Thus, a finite power
of g acts trivially in J’ and g(J’) since a power of ¥ 0 g o 9~! must equal a power
of g. This means that g is a homothety, a contradiction.

Also, the collection of sets of form 9(J') are locally finite. If not, then there
exists a sequence of points p; € @;(D) converging to p € M for a sequence of deck
transformations ;. As p;0go (pz-_l acts on ¢;(D) as homotheties by a fixed factor
s,s > 0, we see that p; 0go <pi_1 moves p; to a points in a compact subset of
M. This implies that infinitely many of these deck-transformations must be the
same. We may choose ¢;(D) and ¢;(D) sufficiently close so that ¢;0go <pi_1 equals
pjogo <p]-_1. However this means that ¢; o g o (pz-_l is a homothety since it acts
trivially on ¢;(J’) and another geodesic ¢;(J'), a contradiction.

By above two conclusions, it follows that D covers a closed surface in M tangent
to the radial flow, and a subgroup G’ of rank 2 acts on D and on J’. All we did
above applies once more: there is a connected Abelian group H' including G’ as a
lattice, and H' is again of type D, P, U, or C. We define similarly to O the locus
O’ of definition of the H’-action on Q. It contains J’. Since dev’(J’) has both
endpoints inside dev(J), H' cannot be in case U or C, since in these cases, dev’(J’)
should be a complete affine line. Hence, dev’(J’) is contained in the boundary of
a two-dimensional H'-orbit B. Moreover, we can choose so that it meets O.

Suppose that H is in case D, P, or U. Then, J’ is contained in the boundary
of a two-dimensional H-orbit A. By looking at the image under dev’ of A and
the two-dimensional H’-orbit B meeting dev’(4), we obtain that there exists a
geodesic ¢ in A mapping into a one-dimensional H’-orbit adjacent to dev’(B) so
that dev’(c) and dev'(J’) share an endpoint. Since an endpoint of dev’(c) is a H'-
orbit, ¢ must be included in a H’-orbit by the same reason as the above paragraph
with G replaced by G’. By the following lemma C.10, this is a contradiction.

If H is in case C, then as in the above paragraph a one-dimensional H’-orbit
meets a one-dimensional H-orbit transversally. This is a contradiction by Lemma
C.9.

This final contradiction achieves the proof of Lemma C.8. O
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LEMMA C.9. Let H' be a connected two-dimensional Abelian group including
an Abelian group G' of rank 2 of deck transformations of M so that q o h|G' is
injective. Then a one-dimensional orbit K' of H' does not meet a one-dimensional
orbit K of H transversally.

Proor. Suppose that K and K’ meet at a point z in @. Then let S and
S’ be the corresponding totally geodesic surfaces in M. They meet at a ray [
corresponding to z. As S/G and S’'/G’ correspond to immersed tori, ! corresponds
to a closed orbit of the radial low in M. There is an element of ¢ in G N G’
corresponding to this orbit. Then g acts as trivially on K and K’ as we can see
from the matrices of form D, P, U, and C; i.e., G acts as translations on one-
dimensional orbits in S2. Hence, this orbit has two-directions in the transversal
local cross-section where the return map looks like the identity map. Therefore,
the holonomy of ¢ must be a homothety. This contradicts our assumption. O

LeMMA C.10. Let H' and G’ be as in the preceding lemma. Let A be a two-
dimensional H-orbit containing in its boundary a one-dimensional H-orbit C con-
tained in O. Then, no one-dimensional H'-orbit contained in O meets A.

ProOF. Since G is a lattice of H, and since H must be in cases D, P or U, for
every element z of A, there is a sequence of elements h, of H for which the h,z
converge to some point of C by Lemma C.11. Assume that some one-dimensional
H'-orbit B meets A. Then, some iterates h,b, where b belongs to BN A4, accumulates
to a point in C. But B and C correspond to some immersed tori in M; therefore,
such an accumulation is impossible. O

LeMMA C.11. Let H” be a connected two-dimensional Abelian group of pro-
jective transformations of the projective sphere S2. Let G” be a lattice of H", and
let A be an open orbit of H"” in the projective plane. Let C be a one-dimensional
orbit of H" contained in the boundary of A. Then, the closure of the G -orbit of
any element of A contains a point of C.

ProoOF. Let F be a compact connected fundamental domain for the action of
G" on H" by translations. Let a be any point of 4, and z a point of C. The orbit
F.z of z by F is a compact part of C. Let U be an open neighborhood of F.z in
the projective plane. By continuity of the action of A on the real projective plane,
and by compactness of F, there is an open neighborhood V near z such that for
every element v of V, the orbit F.v is co