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Chapter 1

Hyperbolic systems of conservation
laws

A first-order system of conservation laws is a system of n partial differential equations in
n unknowns u1, . . . , un that are functions of space x = (x1, . . . , xd) and time t. It writes

∂tuj + divxfj(u) = 0, j = 1, . . . , n,

where the fluxes fα
j are given smooth functions over the space of states U . The latter is

in general a convex set of Rn with a non-void interior.
In the sequel, we shall consider only the case of one space variable (d = 1), for which

we rewrite

(1.0.1) ∂tu + ∂xf(u) = 0.

The flux is thus a smooth map f : U → Rn.
A typical example is gas dynamics, which writes

∂tρ + ∂x(ρv) = 0,

∂t(ρv) + ∂x(ρv2 + p(ρ, e)) = 0,(1.0.2)

∂t

(
1

2
ρv2 + ρe

)
+ ∂x

((
1

2
ρv2 + ρe + p

)
v

)
= 0.

Hereabove, ρ, v, e denote the mass dentity, the velocity and the specific internal energy.
The pressure p is determined through an equation of state (ρ, e) 7→ p(ρ, e) that charac-
terizes the nature of the gas. For instance p = 2

5
ρe is an acceptable relation for the air in

ordinary conditions. The state u has components

u1 = ρ, u2 = ρv, u3 =
1

2
ρv2 + ρe.

The domain U is defined by

u1 ≥ 0, u1u3 ≥
1

2
u2

2.

3
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About the terminology. The words ‘conservation laws’ are justified by the fact that
if one has a reasonable solution, say a field of bounded variations satisfying (1.0.1) in the
distributional sense, then one has

d

dt

∫ x2

x1

u(x, t) dx + f(u(x2, t))− f(u(x1, t)) = 0, a.e. t > 0.

In particular, if u has constant limits u± as x → ±∞, then∫
R
(u(x, t)− a(x)) dx + t(f(u+)− f(u−)) = 0.

The terminology thus comes from the case where a tends to a constant state ū at infinity,
for which we have1

(1.0.3)

∫
R
(u(x, t)− ū) dx =

∫
R
(a(x)− ū) dx.

If ū = 0, the total mass is thus conserved.

1.1 The Cauchy problem: classical solutions

The Cauchy problem consists in solving (1.0.1) in (0, T )× R under the condition (initial
data) that u is prescribed at initial time:

(1.1.4) u(0, x) = a(x),

where a : R → U is a given function with either smoothness or integrability properties.

1.1.1 Hyperbolicity

Let us denote A(u) := Df(u) the Jacobian matrix of f . We say that the system (1.0.1) is
hyperbolic if A(u) is diagonalisable with real eigenvalues. For a linear system (f(u) = Au),
this is the condition under which the Cauchy problem is well-posed in Sobolev spaces
Hs(R). We shall see that the situation is more intricate in the nonlinear case.

Exercise. Compute the Jacobian matrix for gas dynamics. Show that the system (1.0.2)
is hyperbolic if, and only if, the equation of state p = p(ρ, e) satisfies

p
∂p

∂e
+ ρ2 ∂p

∂ρ
> 0.

1When the Cauchy problem for a first-order system (1.0.1) is well-posed, the values at spatial infinity
do not change with time.
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The basic example of a hyperbolic system is that of a scalar equation, which means
that n = 1. Then A(u) = f ′(u) is 1 × 1, thus diagonal. The best-known scalar equation
is that of Burgers:

(1.1.5) ∂tu + ∂x(u
2/2) = 0.

Hyperbolic systems cover a wide variety of applications:

• Compressible fluid dynamics,

• Electromagnetism (Maxwell’s equations),

• Magnetohydrodynamics,

• Electrophoresis,

• Chromatography,

• Traffic flow,

• Elastodynamics,

• Singular limit of dispersive waves,

• Einstein equation of general relativity,

• ...,

as long as the diffusive or dispersive effects can be neglected.

1.1.2 Entropies

When a system (1.0.1) has a physical meaning, it is often compatible with an additional
scalar conservation law

(1.1.6) ∂tη(u) + ∂xq(u) = 0,

where the functions η, q : U → R are smooth and η is strongly convex, in the sense that
its Hessian matrix D2η(u) at u is positive definite for every u ∈ U . We say that η is a
convex entropy and that q is its entropy flux.

The compatibility between (1.1.6) and (1.0.1) means that for every smooth field u :
R → U , one has

∂tη(u) + ∂xq(u) = dη(u) · (∂tu + ∂xf(u)).

In other words, an entropy-entropy flux pair is a solution of the linear differential system

(1.1.7) dq(u) = dη(u)A(u),
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which can be written componentwise as

∂q

∂ui

=
n∑

j=1

∂η

∂uj

∂fj

∂ui

, i = 1, . . . , n.

Differentiating (1.1.7), we find that A(u) is self-adjoint with respect to the scalar
product induced by D2η(u):

〈D2η(u)X, A(u)Y 〉 = 〈D2η(u)Y,A(u)X〉, X, Y ∈ Rn.

This identity is at the basis of the symmetrization result of Godunov and Friedrichs: there
exist two symmetric matrices S0(u), S(u), depending smoothly on u, with S0 positive
definite, such that the system (1.0.1) rewrites

S0(u)∂tu + S(u)∂xu = 0.

We say that (1.0.1) is symmetrizable in Friedrichs sense.

Warning. Our terminology “entropy” differs from that employed in Physics. For gas
dynamics, our entropy will be η = −ρs with s = s(ρ, e) the physical entropy. In particular
η is convex in u if, and only if, s is a concave function of the quantities

1

ρ
, v,

1

2
v2 + e.

Exercise. Show that η = −ρs(ρ, e) is an entropy of gas dynamics whenever s is a
solution of the transport equation

p
∂s

∂e
+ ρ2 ∂s

∂ρ
= 0.

1.1.3 Local well-posedness in Hs(Rd)

The best result for classical solutions of the Cauchy problem is stated in Sobolev spaces.
More precisely, we ask the derivatives to be in a Sobolev space, thus allowing the data
and the solution to be non-zero at infinity. Because we deal with nonlinear systems, the
well-posedness in Sobolev spaces Hs require that s be large enough.

Theorem 1.1 We assume that the system (1.0.1) is symmetrizable in Friedrichs sense.
Let s > 3/2 be a real number, and let K be a compact subset of U . Let a : R → K be

an initial data such that a′ ∈ Hs−1(R)n.
Then there exists a time T > 0, and a unique classical solution u of the Cauchy

problem (1.0.1,1.1.4) on (0, T )× R. The solution has the property that

∂tu, ∂xu ∈ L∞(0, T ; Hs−1).
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The theorem above has a counterpart in several space dimensions, but with ∇xa ∈
Hs−1(Rd) and s > 1 + d/2. This condition and the Sobolev embedding ensure that the
data and the solution are of class C1. Whence the terminology of “classical solution”.
For a full proof, see either of [3, 6, 22].

We warn the reader that the existence time T of a classical solution depends on the
data a. Thus the theorem cannot be used repeatedly to build a global solution.

This theorem applies in particular to systems (1.0.1) endowed with a strongly convex
entropies, since such systems are symmetrizable.

1.2 The Cauchy problem: weak solutions

We show now that we may not expect a global-in-time classical solution of the Cauchy
problem, for general data. We thus introduce a weakened notion of solution, which refers
to the theory of distributions. This is coherent with the physical meaning of the equations.
We then explain why the physically relevant solutions should display an irreversibility
property. This is reminiscent to the second principle of thermodynamics.

1.2.1 Break-down of smooth solutions

Let us consider for instance the Burgers equation. There are at least two ways to see that
the classical solution breaks down in finite time. For this to happen, we only need that
a′ takes a negative value somewhere.

The method of characteristics. Given a base point x0 ∈ R we define a characteristic
curve by solving the ODE

dx

dt
= u(x, t), x(0) = x0.

An elementary calculus gives the following results (Exercise: fill the details). The char-
acteristic curve is the straight line t 7→ x0 + ta(x0), on which u ≡ a(x0).

Assume that a is not non-decreasing. There exist two points x0, y0 such that (y0 −
x0)(a(y0)− a(x0)) < 0. The intersection (x, t) of the characteristics issued from x0 and y0

occurs at some point (x, t) with t > 0. We then have the contradiction a(x0) = u(x, t) =
a(y0).

Blow-up of derivatives. We can also calculate the x-derivative v = ∂xu along a char-
acteristics. Differentiating (1.1.5), we have

dv

dt
= (∂t + u∂x)v = −v2.

This is a Ricatti equation, of which the solution blows up at a positive time if the initial
data v(0) = a′(x0) is negative.
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Exercise. Prove that the maximal classical solution is defined on the strip (0, T ∗)×R,
where T ∗ = +∞ if a is non-decreasing, and

− 1

T ∗ = inf
x∈R

a′(x)

otherwise.

1.2.2 Weak solutions

Since classical solutions are not global in general, although gas does flow ..., we need to
accept solutions with less regularity. Typically, we consider fields u(x, t) that are bounded
measurable. Therefore f(u) is also bounded and measurable, and the derivatives ∂tu and
∂xf(u) make sense, at least as distributions. The system (1.0.1) has to be rewritten by
introducing test functions: We say that u is a weak solution of (1.0.1) over a domain
Ω ∈ R× (0, +∞) if there holds

(1.2.8)

∫
Ω

(uj∂tφ + fj(u)∂xφ) dx dt = 0,

for every j = 1, . . . , n and every test function φ ∈ D(Ω).
For the Cauchy problem, we have a refined definition:

Definition 1.1 We say that u is a weak solution of (1.0.1,1.1.4) over a strip (0, T )×R
if there holds

(1.2.9)

∫ T

0

∫
R
(uj∂tφ + fj(u)∂xφ) dx dt +

∫
R

a(x)φ(x, 0) dx = 0,

for every j = 1, . . . , n and every test function φ ∈ D(R× (−∞, T )).

It is clear, from integration by parts, that a classical solution is also a solution in
this weak sense. Conversely, a weak solution of class C1 is also a classical solution. It is
not hard to prove a little bit more, that a continuous field u that is piecewise C1, is a
classical solution if, and only if, it is a weak solution. We can view (1.2.9) as the most
natural way to express the conservation laws, that is the underlying physical principles,
for non-smooth flows.

1.2.3 The Rankine–Hugoniot condition

Immediately next to the piecewise-C1 fields come the piecewise continuous ones. Thus
let us consider a domain Ω, divided into two pieces Ω± by a smooth curve Γ, and a weak
solution of (1.0.1) u, such that its restrictions to each Ω± is of class C1 up to Γ. Each of
these restrictions have limits along Γ, which we denote by u±. When g is a function over
U , we define

[g(u)] := g(u+)− g(u−),
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the jump of g(u) across Γ. In the calculation below, we also denote ν the unit normal
vector to Γ, with a given orientation.

Since u is a weak solution in each Ω±, where it is smooth, it is a classical solution
away from Γ. Then we may integrate by parts (Exercise: fill the details) in each Ω±, to
compute the left-hand side of (1.2.8). There remains the identity∫

Γ

([uj]νt + [fj(u)]νx)φ ds = 0.

Since the test function is arbitrary, this amounts to writing

[uj]νt + [fj(u)]νx = 0,

or in vectorial form,

[u]νt + [f(u)]νx = 0.

Since [u] 6= 0 by assumption, we see that νx 6= 0, which means that the curve Γ can be
parametrized by the time: t 7→ (X(t), t). Then the ratio −νt/νx is nothing but the slope
X ′. Finally, we obtain the Rankine-Hugoniot relation

(1.2.10) [f(u)] =
dX

dt
[u].

These calculations can be made in the reverse order, and one obtains the following
important result:

Proposition 1.1 Let Ω and Γ (a smooth curve) be as above, and let u : Ω → U be a
field such that the restriction of u to each of Ω± is of class C1 and extends as a C1-field
up to Γ.

Then u is a solution of the system (1.0.1) in Ω if, and only if,

• It is a classical solution away from Γ,

• It satisfies the Rankine-Hugoniot relation (1.2.10) across Γ.

Example: For a scalar equation, one may rewrite (1.2.10) as

dX

dt
=

[f(u)]

[u]
,

which shows that the slope of Γ is f ′(ū) for some ū in the interval of extremities u±. For
the Burgers equation, we simply have

dX

dt
=

u+ + u−
2

.



10 CHAPTER 1. HYPERBOLIC SYSTEMS OF CONSERVATION LAWS

Convention. Since a discontinuity curve is parametrized by the time, we shall always
choose the ± sides in the natural way:

u−(X(t), t) = lim
x↑X(t)

u(x, t), u+(X(t), t) = lim
x↓X(t)

u(x, t)

This amounts to choose the orientation of ν so that νx > 0.

1.2.4 Non-uniqueness of weak solutions

The extension of the notion of solution resolves the lack of solution that we encountered in
our study of classical solutions. However it introduces spurious, unphysical solutions. In
particular, we have way too many solutions, typically an infinity, to the Cauchy problem.

To see this, we again consider the Burgers equation (1.1.5). We content ourselves with
the null initial data a ≡ 0. Of course, there is a solution u ≡ 0, which is the physically
relevant one. However, we can use discontinuities to build non-trivial solutions. For
instance, the following definition yields a solution, for every choice of b, c ∈ R such that
b < 0 < c:

u(x, t) :=


0, x < bt,
2b, bt < x < (b + c)t,
2c, (b + c)t < x < ct,
0, ct < x.,

since such a u is constant off lines, across which it satisfies the Rankine–Hugoniot condi-
tion.

Exercise. Build more general piecewise constant solutions to this Cauchy problem.

1.2.5 Entropy admissibility condition

Since we have replaced a non-existence trouble by a non-uniqueness one, we need to make
a step backward and restrict the notion of weak solution. The clue is that, despite the
apparent reversibility of systems (1.0.1), which is invariant under the space-time reversal
(x, t) 7→ (X − x, T − t), the second principle of thermodynamics tells us that non-smooth
flows of gas dynamics are irreversible. This is exactly saying that not all the discontinuities
described by (1.2.10) are admissible.

To be more explicit, let (u−, u+; s) be a triple that satisfies the Rankine-Hugoniot
relation

(1.2.11) [f(u)] = s[u].

Then

u(x, t) :=

{
u−, x < st,
u+, st < x
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defines a weak solution of (1.0.1). However, since (1.2.11) is perfectly symmetric in u±, we
may exchange the role of u− and u+ in our construction, and we obtain an other solution
v of (1.0.1). Irreversibility is that at least one of u and v is physically irrelevant.

One thus need a criterion in order to select the admissible discontinuities, presumably
in the form of an inequality, not symmetric in u±.

When the system is compatible with (1.1.6), where η is strongly convex, we remark
that the Rankine-Hugoniot condition for (1.1.6)

[q(u)] = s[η(u)]

is not compatible with (1.2.10) in general. Because the elimination of s yields

(1.2.12) [η(u)] [f(u)] = [q(u)] [u],

which is an equation in Rn, with the obvious solution u+ = u−. It often happens that
it has no other solution. For instance (1.2.12) gives, for the Burgers equation, [u]4 = 0,
from which we have u+ = u−.

Exercise. Prove that in the scalar case, with f ′′ > 0 and η′′ > 0, (1.2.12) implies
u+ = u−.

The calculation above tells that a discontinuous solution u of (1.0.1) cannot satistfy
simultaneously (1.1.6) across discontinuities. Whence the idea to replace (1.1.6) by an
inequality, in the sense of distributions:

(1.2.13) ∂tη(u) + ∂xq(u) ≤ 0.

It is important in this condition that we have chosen the pair (η, q) such that η is strongly
convex. If it was concave, we should change the sense of the inequality in (1.2.13).

Since (1.1.6), hence (1.2.13), is automatically satisfied whenever u is a classical solu-
tion, (1.2.13) serves only across shocks. It can be reinterpreted as a jump inequality

(1.2.14) [q(u)] ≤ dX

dt
[η(u)],

where we recall our convention of the ± sides and our definition [g(u)] = g(u+)− g(u−).
Let us take the example of the Burgers equation, with f(u) = η(u) = u2/2, thus

q(u) = u3/3. We already know that s = (u+ + u−)/2. Then (1.2.14) tells that(
u2

+ + u+u− + u2
−

3
− s

u+ + u−
2

)
[u] ≤ 0.

Since the parenthesis equals [u]2/12, this amounts to saying u+ ≤ u−. This is the admis-
sibility condition that we were looking for.

Exercise. More generally, in the scalar case with a convex flux f , show that a discon-
tinuity is admissible if and only if u+ ≤ u−.
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Terminology. The condition (1.2.13) is the Lax entropy inequality. Admissible discon-
tinuities are called shocks, especially when (1.2.14) is a strict inequality. We shall see
other selection criteria in the sequel, which are not all equivalent. Thus the notion of
shock might differ, depending on which criterion we adopt to select admissible solutions.
These criteria are however equivalent for many reasonable systems and in particular for
scalar equations with convex fluxes.

1.2.6 The viscosity approach

A way to justify (1.2.13) is to say that a system like (1.0.1) describes only an idealized
physical process, which would be better represented by the parabolic system of conserva-
tion laws

(1.2.15) ∂tu + ∂xf(u) = ε∂2
xu,

where ε > 0 is a small number. One may also have ∂x(B(u)∂xu) instead of ∂2
xu in the

right-hand side. Then B(u) ∈ Mn(R) is called the viscosity tensor.
What we expect is that the Cauchy problem (1.2.15, 1.1.4) admits a unique smooth

solution uε, which converges boundedly almost everywhere to a field u(x, t) as ε → 0+.
If this is true, then one can pass to the limit in the sense of distributions in (1.2.15), and
we find that u is a weak solution of (1.0.1). More precisely, we have∫ T

0

∫
R
(uε

j∂tφ + fj(u
ε)∂xφ + εuε

j∂
2
xφ) dx dt +

∫
R

aj(x)φ(x, 0) dx = 0,

for every test function φ. Passing to the limit, we obtain that u is a weak solution of the
Cauchy problem (1.0.1, 1.1.4).

We now multiply (1.2.15) (with uε) by dη(uε). We obtain

∂tη(uε) + ∂xq(u
ε) = ε∂2

xη(uε)− εD2η(uε) : ∂xu
ε ⊗ ∂xu

ε.

Since η is convex, this implies

∂tη(uε) + ∂xq(u
ε) ≤ ε∂2

xη(uε).

Passing again to the limit as above, we obtain the entropy inequality (1.2.13) in the sense
of distributions.

1.2.7 The scalar case

In the scalar case, every function η is an entropy, thus every convex function is a convex
entropy. This yields as many entropy inequalities as there are convex functions. And all
these inequalities must be written simultaneously. Since the set of convex funtions is a
convex cone spanned by the affine functions and by the so-called Kruz̆kov entropies

ηk(u) := |u− k|, qk(u) = (f(u)− f(k))sign(u− k),

we find that a discontinuity (u−, u+; s) is admissible if, and only if
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Rankine-Hugoniot: One has s = [f(u)]/[u],

Oleinik condition: Either u− < u+ and the graph of the restriction of f to the interval
[u−, u+] is above its chord. Or u+ < u− and the graph of the restriction of f to the
interval [u+, u−] is below its chord.

We leave the proof of that as an Exercise.
We also have a well-posedness result, due to S. Kruz̆kov, for which we refer to [6, 22]:

Theorem 1.2 Assume that the flux f : R → R is of class C1. Let a ∈ L∞(R) be given.
Then there exists a unique bounded solution of the Cauchy problem satisfying the entropy
inequality (1.2.13). It satisfies

sup
x∈R, t>0

u(x, t) = sup
x∈R

a(x), inf
x∈R, t>0

u(x, t) = inf
x∈R

a(x).

If b is another bounded data, with associated solution v, then one has the contraction
property

(1.2.16)

∫ B−Mt

A+Mt

|u(x, t)− v(x, t)| dx ≤
∫ B

A

|a(x)− b(x)| dx, ∀A < B, ∀t <
B − A

M
,

where M is the supremum of f ′ over the interval [infx∈R a(x), supx∈R a(x)].

The Cauchy problem is thus well-understood in the scalar case, and even in several
space dimensions (n = 1 and d ≥ 1). The situation is however much more open in case
of systems (n ≥ 2), for we have not any more a comparison or a contraction principle.

1.3 Shock waves

In this section, we investigate in more details the admissible discontinuities, and we in-
troduce new admissibility criteria: the Lax shock inequality and the existence of viscous
shock profile.

1.3.1 The Hugoniot locus

To begin with, we describe the set defined by the Rankine-Hugoniot condition (1.2.10),
called the Hugoniot locus H . Since it is an equation in Rn with 2n + 1 parameters
(u−, u+; s) ∈ U × U × R, we expect that the Hugoniot locus be a piecewise smooth
manifold of dimension n + 1. We observe that it contains the trivial elements (w,w; s)
where w ∈ U and s ∈ R are arbitrary. This exhausts H in the neighbourhood of
X0 = (w0, w0; s0), whenever the map

(w, z; s) 7→ H(w, z; s) := f(z)− f(w)− s(z − w)
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is a submersion at X0, which means that DH(X0) is onto. Since

DsH(X0) = 0, DzH(X0)Z = (df(w0)− s)Z, DwH(X0)Z = −(df(w0)− s)Z,

we find that H is smooth at X0 when s is not an eigenvalue of df(w0).
We already know that the eigenvalues of df(w) are real numbers. From now on, we

shall assume that they are simple (we say that the system (1.0.1) is strictly hyperbolic).
We arrange the eigenvalues in increasing order

λ1(w) < · · · < λn(w).

We denote by rj(w) an eigenvector:

df(w)rj(w) = λj(w)rj(w).

We also denote (`1(w), . . . , `n(w)) a dual basis: each `j is a differential form and one has

`j(w)rk(w) = δk
j .

At a point X0 with s0 = λj(w0), there is a bifurcation. Lax showed that H is locally
the union of two smooth manifolds. The first one is the trivial one (z = w). The second
one is parametrized by (w, s) with z − w ∼ (s − λj(w))rj(w). It can be shown actually
that at fixed w0, the curve s 7→ z is tangent at second order to the integral curve of rj,
the solution of the differential equation

dZ

ds
= rj(Z), Z(s0) = w0.

To see this, we use the Taylor formula

f(v)− f(u) =

(∫ 1

0

df((1− τ)u + τv) dτ

)
(v − u) =: A(u, v)(v − u).

Since A(u, u) = df(u) has simple real eigenvalues, the eigenvalues of A(u, v) are still simple
and real for u and v close to each other. We denote them Λk(u, v). These are smooth
functions in a neighbourhood of the diagonal, such that Λk(u, u) = λk(u). Likewise, we
have eigenfields Rk(u, v), with Rk(u, u) = rk(u).

The Rankine-Hugoniot condition rewrites as

(A(w, z)− sIn)[u] = 0.

Away from the diagonal, the Hugoniot locus is thus described as the union of sets Hk,
defined by

s = Λk(w, z), z − w ‖ Rk(w, z).

There remains to solve the equation

z − w = αRk(w, z).
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To this end, we define N(w, z; α) := z − w − αRk(w, z). We have N(w0, w0; 0) = 0.
Since DsN(w0, w0; 0) = In, this function is a submersion, and its zero set is thus locally
a submanifold of codimension n, thus of dimension n + 1. Its tangent space at (w0, w0; 0)
is given by

dz − dw = (dα)Rk(w0, w0) = (dα)rk(w0).

At fixed w ≡ w0, this means that the Hugoniot locus is a curve α 7→ (w0, z(α); s(α)) with

z = w0 + αrk(w0) + O(α2), s = Λk(w0, z).

A refined estimate is that

z − w0 = αrk

(
w0 + z

2

)
+ O(α3).

This curve is denoted by Hk(w0). We say that such a triple (w0, z; s) is a k-discontinuity.

1.3.2 Genuine nonlinearity

Let us investigate the inequality (1.2.14) when (u+, s) ∈ Hk(u−). We again express the
jumps [q(u)] and [η(u)] with the help of the Taylor formula. With the results of the
previous paragraph, we obtain

Lemma 1.1 Across a k-discontinuity, we have

[q(u)]− s[η(u)] =
α3

12
(dλkrk)D

2η(rk, rk) + O(α4).

It is time to introduce the following notion:

Definition 1.2 We say that the k-th characteristic field (λk, rk) is genuinely nonlinear
at u− if dλkrk 6= 0 at u−.

When the k-th field is genuinely nonlinear (in short GNL), we can normalize rk by dλkrk =
1.

Under the genuine nonlinearity assumption, we see that

[q(u)]− s[η(u)] ∼ α3

12
D2η(rk, rk),

so that, for small α, the sign of [q(u)] − s[η(u)] is that of α. A small k-discontinuity is
thus admissible for the entropy inequality if, and only if, α is negative.
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1.3.3 The Lax shock inequality

Let us continue our study of small k-shocks under GNL assumption. We have

s = λk(u−) + α + O(α2) = λk(u+)− α + O(α2).

With α negative and small, this gives

(1.3.17) λk(u+) < s < λk(u−),

while non-admissible small k-discontinuities satisfy the opposite inequalities. Therefore
(1.3.17) is equivalent to α < 0, thus to (1.2.13) for small k-discontinuities. Of course,
since [u] is small and the eigenvalues are simple, we also have

(1.3.18) λk−1(u−) < s < λk+1(u+).

Definition 1.3 Let (u−, u+; s) satisfy the Rankine-Hugoniot condition. We say that it is
a k-shock if it satisfies also the inequalities (1.3.17, 1.3.18).

These inequalities are called the Lax shock inequalities. For small k-discontinuities, and
if the k-th field is GNL, they are equivalent to the entropy inequality.

Shock vs entropy inequalities. As mentioned above, both admissibility conditions
(shock/entropy inequalities) are equivalent when the discontinuity has a small strength,
provided that the system admits a convex entropy, and that the k-th characteristic field is
GNL. However they may not be equivalent when one of these assumptions is dropped, for
instance the genuine nonlinearity or the smallness of the strength. It may even happen
that one condition makes sense while the other one does not. The shock inequality makes
sense even when the system does not admit a convex entropy, while the entropy condition
does not need that the solution be piecewise smooth.

1.3.4 Viscous shock profiles

A third criterion consists in going back to the parabolic system (1.2.15) and looking for
a travelling wave

uε(x, t) := U

(
x− st

ε

)
.

Such a uε is a solution of (1.2.15) whenever U satisfies the ODE

(1.3.19) U ′′ = (f(U)− sU)′.

If U has limits u± at ±∞, then uε converges boundedly almost everywhere towards

u(x, t) :=

{
u−, x < st,
u+, st < x,
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which will thus be declared admissible. The function U is called the viscous shock profile
(VSP) of (u−, u+; s). Integrating once (1.3.19), we obtain the first-order ODE

U ′ = f(U)− sU − q

where q is a constant of integration. This one can be calculated by letting x → ±∞; we
obtain on the one hand q = f(u−) − su− and on the other hand q = f(u+) − su+. In
particular, a necessary condition for the existence of such a U is the Rankine-Hugoniot
condition (1.2.10). Finally, we obtain the ODE, called the profile equation

(1.3.20) U ′ = f(U)− f(u−)− s(u− u−).

With a more general viscosity tensor B(u), the profile equation is

(1.3.21) B(U)U ′ = f(U)− f(u−)− s(u− u−).

Since the calculations of Paragraph 1.2.6 apply to our uε, we deduce that if the discon-
tinuity (u−, u+; s) admits a shock profile, then it satisfies the entropy inequality (1.2.14).

1.4 The Riemann problem

The system (1.0.1), as well as various admissibility criteria, are invariant under the rescal-
ing (x, t) 7→ (µx, µt). If the initial data is of the form

a(x) =

{
a−, x < 0,
a+, x > 0,

we therefore expect that the solution be homogenous of degree zero: u(x, t) = V (x/t).
This must be so if the solution is unique. Finding V when a− and a+ are given is the
Riemann problem. Its solution is used to design some efficient numerical schemes, among
which the Godunov scheme (see Section 2.2.4) and the Glimm scheme.

To solve the Riemann problem, we need first to know what are elementary centered
waves. We already have encountered the shock waves. We have yet to discover the
rarefaction waves and the contact discontinuities.

1.4.1 Rarefaction waves

The rarefaction waves are smooth solutions of the form u(x, t) = V (x/t). They arise when
a field is GNL. For such a solution, we have

ut = − x

t2
V ′, f(u)x =

1

t
(f(V ))′.

Therefore the system (1.0.1) reduces to

d

dξ
f(V (ξ))− ξ

dV

dξ
= 0,
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that is

(1.4.22) (df(V (ξ))− ξ)
dV

dξ
= 0.

With V ′ 6= 0, this means that ξ is an eigenvalue:

(1.4.23) ξ = λk(V (ξ)).

In addition,

(1.4.24) V ′(ξ) ‖ rk(V (ξ)).

Differentiating (1.4.23), we obtain

1 = dλk(V )V ′.

Using (1.4.24), we deduce that the k-th characteristic field must be GNL. We then have

(1.4.25)
dV

dξ
= rk(V ).

An integral curve of (1.4.25) is called a k-rarefaction curve. Two states V (ξ1) and V (ξ2)
on the same curve can be linked by a rarefaction wave in the wedge tξ1 < x < tξ2. Because
of (1.4.23), we see that the state with the smallest value of λk(V ) is at left and the other
one is at right.

1.4.2 Contact discontinuities

When a field is not genuinely non linear, it may happen the opposite:

Definition 1.4 The k-th characteristic field is said to be Linearly degenerate if dλkrk ≡
0.

When a field is linearly degenerate (LD), the eigenfield rk does not have a canonical
normalization, contrary to the GNL case.

The important point is that linear degeneracy implies a coincidence between rarefac-
tion (notice that rarefaction waves do not exist in this case) and discontinuities, as well
as some kind of reversibility:

Theorem 1.3 Assume that the k-th field is LD. Let γ be a k-rarefaction curve. Then

i). λk is constant along γ,

ii). If u± ∈ γ and s = λk|γ, then (u−, u+; s) satisfies the Rankine-Hugoniot relation
(1.2.10),

iii). The triple (u−, u+; s) also satisfies the identity [q(u)] = s[η(u)].

In particular, γ is contained (and in general equals to) the u-projection of Hk(u−), for
every of its points u−.

Such triples (u−, u+; s) are called contact discontinuities. They are always declared ad-
missible. It is clear from above that the triple (u+, u−; s) is admissible too: contact
discontinuities are reversible.
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1.4.3 The theorem of Lax

The general solution of the Riemann problem is made of n + 1 constant states u0 =
a−, u1, . . . , un = a+, separated by simple (or composite) waves. Typically, uj−1 is sep-
arated from uj by a j-th wave. If the j-th field is LD, the wave is a CD and uj−1, uj

must belong to the same integral curve of rj. If the j-th field is GNL, the wave is a
rarefaction or a shock. When a− and a+ are far apart, or when the fields are neither
LD nor GNL, then one can find either composite waves, where shocks are embeded in
rarefactions, or shocks that are not Lax shocks. Terminology lists under-compressive and
over-compressive shocks besides Lax shocks.

Let us assume for instance that the k-th field is GNL at u−. Then the set of states u+

(at right) that can be reached from u− (at left) through a rarefaction is the forward part
of the integral curve of rk starting from u−. Call it Rk(u−). The set of states u+ (at right)
that can be reached from u− (at left) is the backward part (s < λk(u−)) of the Hugoniot
curve Hk(u−). Call it Sk(u−); it is tangent at second order to Rk(u−). Therefore the
union W f

k (u−) = Sk(u−) ∪ Rk(u−) is locally a C2-curve, tangent to rk at u−. It is the
k-th forward wave curve, named that way because the left state u− is specified. If we fix
u+ instead and consider the set of states u− that can be connected to u+, we find the
backward wave curve W b

k(u+). By definition, we have

(u+ ∈ W f
k (u−)) ⇐⇒ (u− ∈ W b

k(u+)).

For a LD field, the forward and backward wave curves coincide and consists in the
integral curve of rk.

Solving the Riemann problem amounts to find the collection of intermediate states
u1, . . . , un−1 such that

(1.4.26) u1 ∈ W f
1 (u0), . . . , uj ∈ W f

j (uj−1), . . . , un ∈ W f
n (un−1).

Using a parametrization of the wave curves, and the fact that they are tangent to rk at
their base point, Lax established the following fundamental result. Again, we refer to
[6, 22] for a full proof.

Theorem 1.4 Assume that the characteristic fields are either GNL or LD. let a− ∈ U
be given. Then there exists two neighbourhoods V ⊂ W of a− such that, if a+ ∈ V , then
there exists a unique solution of the Riemann Problem in the form of (1.4.26), where all
the waves take values in W .

We point out that a solution to the RP still satisfies u = U(x/t) with

d

dξ
f(U) = ξ

dU

dξ

in the distributional sense. In particular

d

dξ
(f(U)− ξU) = −U

shows that ξ 7→ f(U)−ξU is Lipschitz continuous, despite the fact that the solution itself
may be discontinuous. This remark is at the basis of the Godunov scheme.
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1.5 Existence of viscous shock profiles

We now consider whether or not a given discontinuity (u−, u+; s) admits a shock profile.
The profile equation, here with a general viscous tensor B, is

(1.5.27) B(U)U ′ = f(U)− f(u−)− s(U − u−),

We recall that we have assumed the RH condition (1.2.10). Our first assumption about B
is that it is invertible, although in realistic examples (like gas dynamics), it would not be.
We shall also need an assumption that makes (1.2.15) a parabolic system that stabilizes
the constant states, see (Stab) below. It will follow from dissipativeness, a rather natural
assumption.

The profile equation can be recast as an ODE U ′ = G(U ; s), where we know that
G(u±; s) = 0. Since we look for a heteroclinic orbit from u− to u+ (meaning that
U(±∞) = u±), a shock profile exists if, and only if, the unstable manifold W u(u−)
and the stable manifold W s(u+), at u± respectively, of this dynamical system have a
non-trivial intersection. As a matter of fact, every value U(x) of a shock profile belongs
to this intersection, and conversely, if a is in this intersection, then the solution of the
Cauchy problem

U ′ = G(U ; s), U(0) = a

is a shock profile, because limx→±∞ U(x) = u± by assumption.

Structural stability. Assume that s is not an eigenvalue of neither A(u−) nor A(u+).
Thus λj(u+) < s < λj+1(u+) and λk−1(u−) < s < λk(u−) for some j, k. If B ≡ In, then
the dimensions of W u(u−) and W s(u+) are respectively n− k + 1 and j. It is well-known
that the intersection persists under small perturbations of the data (one says that this
intersection is structurally stable) if, and only if, the tangent spaces to these manifolds
add up to Rn; this property is called transversality. Since the intersection of these tangent
spaces must contain U ′, thus must be of dimension one at least, this implies that the sum
(n − k + 1) + j be at least n + 1. Whence the necessary condition for this structural
stability: j ≥ k. The limit case j = k is nothing but the Lax shock condition. Other
cases where j > k are called over-compressive shocks. When j < k, the transversality
always fails and the shock is called under-compressive.

The discussion above remains valid whenever the system (1.0.1) admits a strongly
convex entropy η and the tensor B is dissipative, in the sense that

(1.5.28) X 7→ D2η(U)(B(U)X, X)

is positive definite for every U .

Since small shocks for GNL fields are Lax shocks, we shall only consider the case j = k.
More generally, we shall discuss the case where u+ ∈ Hk(u−).
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Exercise. Assume that B is dissipative for some U and that s is not an eigenvalue of
A(u−). Prove that DUG(u−; s) does not have a purely imaginary eigenvalue. One says
that u− is a hyperbolic fixed point of the ODE. Here hyperbolic is in the sense of dynamical
systems; it has nothing to do with hyperbolic PDEs.

1.5.1 The scalar case

In the scalar case, B must be positive in order that (1.2.15) be parabolic. Then

G(u; s) =
f(u)− f(u−)− s(u− u−)

B(u)
.

Every solution of the ODE is monotonous and tends at ±∞ towards consecutive zeroes
of G(·; s). A shock profile exists if, and only if, G(·; s) is strictly of the sign of u+ − u−
over the interval between u− and u+. This amounts to saying that the Oleinik condition
is satisfied in a strict sense, with the graph of f strictly above or below its chord.

Therefore, in the scalar case, the existence of a shock profile is, apart from borderline
cases, equivalent to the entropy criterion. For instance, if f is convex, both criteria give
the same constraint u+ < u−.

1.5.2 Reduction to a center manifold (bifurcation analysis)

We now develop a strategy for proving the existence of discrete shock profiles associated to
discontinuities of small strength. More precisely, we look for profiles of small amplitude,
althouh we do not exclude that large amplitude profiles could exist for some small shocks
in pathological situations.

The idea is to augment the profile equation (1.5.27) with the obvious one s′ = 0. Thus
we deal with the dynamical system

(1.5.29)

(
U
s

)′
= H(U ; s) :=

(
G(U ; s)

0

)
.

This is the reason why we kept trace of s in the abstract form U ′ = G(U ; s) of the profile
equation.

In the following analysis, we choose an index 1 ≤ k ≤ n and we keep u− fixed. Then
we investigate the flow of (1.5.29) in a small enough neighbourhood V of

X− :=

(
u−

λk(u−)

)
.

To begin with, we notice that the rest points (H(X) = 0) in V fall into two categories:

i). The pairs X = (u−; s) for every s close to λk(u−),

ii). The points (u+; s) corresponding to triples (u−, u+; s) on the Hugoniot curve Hk(u−).
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We point out that these two curves are transversal to each other since their tangents at
X− are linearly independent.

We now make a reduction to the center manifold M− of (1.5.29) at the point X−. This
is a smooth manifold with several properties, among which the local invariance under the
flow of the ODE (1.5.29). For a thorough account of what is a center manifold and how
one proves its existence, we refer to [4]. The reason why we use it is that M− contains
every trajectory that is globally defined and is contained in V . In particular, it contains

• The rest points in V ,

• The homoclinic and heteroclinic orbits that remain in V .

According to the latter point, M− contains all the shock profiles that are associated to
discontinuities (u−, u+; s) as long as they are entirely contained in V (in particular the
final state u+ belongs to V ).

The center manifold is not always unique, but it has some amount of uniqueness since
it necessarily contains some specific orbits (see above). Its dimension c and its tangent
space T at X− are given by the linearized system

(1.5.30)

(
U
s

)′
= DH(X−)

(
U
s

)
.

The tangent space T is nothing but the central invariant subspace of DH(X−), that is the
sum of the characteristic spaces associated to the eigenvalues with zero real part. Whence
c = dim T is the sum of the multiplicities of these eigenvalues.

Thus let us investigate the spectrum of

DH(X−) =

(
DUG(X−) DsG(X−)

0 0

)
=

(
B(u−)−1(df(u−)− λk(u−)In) 0

0 0

)
.

We shall assume in the sequel that the state u− is linearly stable for (1.2.15), which
means

(Stab) There exists a number θ > 0 such that for every ξ ∈ R, the eigenvalues
of ξ2B(u−) + iξdf(u−) have a real part larger than or equal to θξ2.

Exercise. Prove that the dissipativeness of B with respect to a strongly convex entropy
implies (Stab).

With (Stab), we now that B(u−)−1(df(u−)− sIn) is almost a hyperbolic matrix: its
only purely imaginary eigenvalue is µ = 0. Actually, one can prove a little bit more:

Lemma 1.2 Under the stability assumption (Stab), one has

• For every k = 1, . . . , n, `kBrk > 0 at u−,

• And µ = 0 is a simple eigenvalue of B(u−)−1(df(u−)− λk(u−)).
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Under (Stab), the dimension of the center manifold is thus c = 2. Moreover, since the
tangent space at X− is spanned by the vectors(

rk(u−)
0

)
,

(
0
1

)
,

we can take X 7→ y := (`k(u−)(U − u−), s) as local coordinates on M−. The flow of
(1.5.29) over the center manifold can be rewritten as the flow of a tangent vector field h:

(1.5.31) y′ = h(y) :=

(
`k(u−)G(u(y); y2)

0

)
.

Because s is constant along trajectories, the second component h2 vanishes identically.
We are now in a very simple situation. All the interesting dynamics (small and global

trajectories) near X− is contained in the surface M−, and the dynamics on M− is hor-
izontal (y2 = s constant). On every horizontal line y2 = s, the dynamics is given by
y′1 = h1(y1, s), an autonomous differential equation on an interval. Between two consecu-
tive zeroes of h1(·, s), there is a heteroclinic orbit, which is nothing but a shock profile.

There remains to describe the zero set of h and of h1(·, s), and to check the sign of the
latter function between consecutive zeroes. The zero set is precisely the set of rest points
of (1.5.29), already described. At fixed s, the zeroes of h1(·, s) are therefore of two types:

• either y1 = 0, corresponding to the pair (u−, s),

• or the non-zero values y1 corresponding to the states u+ 6= u− for which (u−, u+; s)
is in the Hugoniot set.

1.5.3 Lax shocks

Let us assume in this paragraph that the k-th field is GNL. We recall that the k-th
Hugoniot curve at u− has the property that

u = u− + αrk(u−) + O(α2) (thus y1 ∼ α), s = λk(u−) + α + O(α2).

Its tangent is therefore transversal to the s-axis. In a neighbourhood of X−, this curve
intersects an horizontal line y2 = s in exactly one point which we denote (u+(s), s). Thus
the ODE y′1 = h1(y1, s) has exactly two fixed points, namely 0 and `k(u−)(u+(s) − u−).
Therefore there exists one, and only one, heteroclinic orbit of (1.5.27) between u− and
u+(s).

When s 6= λk(u−), a Taylor expansion using the fact that u− u− ∼ y1rk(u−) on M−
gives

h1(y1, s) ∼ (λk(u−)− s)y1.

In other words,
∂h1

∂y1

(0, s) = λk(u−)− s.
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Therefore (0, s) is an unstable rest point of (1.5.31) if and only if λk(u−) < s.

The orbit mentioned above thus goes from u− to u+(s) if and only if λk(u−) < s.
Since a discontinuity (u−, u+(s); s) is either a Lax shock or an anti-Lax one (the latter
terminology means that (u+, u−; s) is a Lax shock), we have the following conclusion.

Theorem 1.5 Assume that u− is linearly stable (property (Stab)) for the parabolic equa-
tion (1.2.15). Let us assume also that the k-th characteristic field is genuinely nonlinear
at u−.

Then there are neighbourhoods V− ⊂ W− of u− such that, for every triple (u−, u+; s)
satisfying the Rankine-Hugoniot condition and u+ ∈ V−, there exists a viscous shock
profile from u− (at left) to u+ (at right), entirely contained in W−, if and only if, this
discontinuity is a Lax shock.

Among all fields taking values in W−, this profile is unique, up to the shift U 7→
U(· − ξ0).

Remarks.

• Under the assumptions of Theorem 1.5, and if the discontinuity (u−, u+; s) does
not admit a profile, then it is not a Lax shock. Since the k-th field is GNL and
(u+, u−; s) is in Hk with u+ ∈ V−, the latter discontinuity is a Lax shock and
therefore it admits a viscous shock profile.

• An important fact is that the existence or the non-existence of a viscous shock profile
does not really depend on the choice of a tensor B satisfying (Stab). What could
depend on this choice is the size of the neighbourhood V−.

Exercise. What can be said if dλkrk vanishes at u−, but the second derivative d(dλkrk)rk

is non-zero ?

1.5.4 Under-compressive shocks

Let (u−, u+; s) satisfy the Rankine-Hugoniot condition, and let us assume that

(1.5.32) λk−1(u−) < s < λk(u−), λk−1(u+) < s < λk(u+)

for some index k. We say that the discontinuity is an under-compressive shock with defect
index one.

Since the stable manifold W s(u+) has dimension k − 1 and the unstable W u(u−) has
dimension n − k + 1, which sum up to only n, and since the intersection is invariant by
the flow of (1.5.27), it is unlikely that these manifolds intersect. Therefore there does not
exist a heteroclinic orbit from u− to u+ in general. The same is true from u+ to u−.
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Exercise. Figure out what happens for a differential equation in the plane, where the
vector field has two hyperbolic zeroes. The cases saddle–sink or spring–saddle corre-
spond to Lax shocks, while the case saddle–saddle corresponds to the under-compressive
situation.

Let us assume however that the map (a, b; σ) 7→ f(b)−f(a)−σ(b−a) is a submersion
at (u−, u+; s). Then the Hugoniot locus is locally a submanifold of dimension n + 1. It
is now a generic fact that the set P of under-compressive shocks (a, b; σ) for which there
exists a viscous profile from a to b is a submanifold of codimension one, thus a manifold
of dimension n. In favourable cases, P can be parametrized by either a or b: for every
a in some open region, there exists a state b = β(a) and a velocity s = σ(a), such that
(a, b; s) is an undercompressive shock admitting a viscous shock profile. The maps β, σ
are smooth.

We warn the reader that, contrary to the Lax case, the manifold P does depend on
the choice of B. It varies smoothly, in general, when B changes. Thus it becomes crucial
to have a physically relevant viscosity tensor.
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Chapter 2

Finite difference schemes for
conservation laws

We now turn to the numerical analysis of first-order systems of conservation laws (1.0.1).
Given an initial data (1.1.4), we wish to compute an accurate approximation of the solu-
tion of the Cauchy problem. We warn the reader that since we do not have yet shown that
the Cauchy problem is well-posed, except in either the scalar case or locally in time for
smooth data, it is hard to say that an approximate solution given by a numerical scheme
is accurate. The accuracy of a numerical scheme in presence of shocks is an outstanding
problem, which has not been fully resolved so far. This problem is at the origin of some
questions addressed in the next Chapter.

At the beginning, we give ourselves a mesh length ∆x > 0 and a time step ∆t > 0.
We then approximate the space time domain (0, +∞) × R by the grid of points (tm :=
m∆t, xj := j∆x) for m ∈ N and j ∈ Z. We also use the points xj+1/2 defined in the same
way.

A discretization of the initial data provides initial values u0
j . Several choices are

possible. For instance, we could take

(2.0.1) u0
j :=

∫ xj+1/2

xj−1/2

a(x) dx,

although it can be easier to set u0
j := a(xj) if a is continuous. We denote U0 := (u0

j)j∈Z.
It is an element of `∞(Z) if a ∈ L∞(R). More generally, we have U0 ∈ `p provided a ∈ Lp

and we make the choice (2.0.1). When p = 2, (2.0.1) amounts to projecting orthogonally
over the subspace of piecewise constant elements of L2(R).

An explicit numerical scheme is a mapping H∆ : `∞ → `∞. We use the scheme to
define vectors Um = (um

j )j∈Z inductively by

Um+1 = H∆(Um).

If the scheme is appropriately chosen, we expect that um
j is a good approximation of

u(tm, xj) where u is the supposed-to-be solution of the Cauchy problem (1.0.1,1.1.4). By
a solution, we mean an admissible one, with respect to appropriate entropy conditions.

27
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We warn the reader that since we expect the solution to have discontinuities, a point-
wise convergence of the approximate solution towards u might be too ambitious. We
should merely ask for a boundedly almost everywhere convergence. This requires to extend
the approximate solution to the whole domain (0,∞)×R. This is usually done by inter-
polation. For instance, we may define u∆x ≡ um

j over the cell (xj−1/2, xj+1/2)× (tm, tm+1).

2.1 Conservative schemes

Since the system (1.0.1) commutes with translations, we ask that a scheme has the same
property. Also, for a scheme to be of practical interest, we wish that the component
H∆(U)j depends only on finitely many components of U . Therefore a scheme has the
general form

H∆(U)j = h(uj−p, uj−p+1, . . . , uj+q).

We say that such a scheme is a (p + q + 1)-point scheme. For instance, a scheme

H∆(U)j = h(uj−1, uj, uj+1)

is a 3-point scheme.
We warn the reader that the function h depends also on ∆x and ∆t. See the examples

given in Section 2.2.
The induction defined by a scheme writes

(2.1.2) um+1
j = h(um

j−p, u
m
j−p+1, . . . , u

m
j+q),

where the initial data u0
j is computed from a, as explained above.

Another natural requirement is conservativity, in order to mimic the conservation
property of (1.0.1). We therefore ask that there is a function F of p + q arguments in U ,
called the numerical flux, such that

h(v−p, . . . , vq) = v0 +
∆t

∆x
(F (v−p, . . . , vq−1)− F (v1−p, . . . , vq)).

Then the scheme rewrites in the natural way

(2.1.3)
um+1

j − um
j

∆t
+

fm
j+1/2 − fm

j−1/2

∆x
= 0,

with

fm
j+1/2 := F (um

j+1−p, . . . , u
m
j+q).

For instance, in a 3-point scheme, one has fm
j+1/2 = F (um

j , um
j+1).

Once again, the numerical flux may depend on ∆x and/or ∆t. In practice, it depends
only on the ratio λ := ∆t/∆x, in order to reflect the scale invariance of the PDEs (1.0.1)
under the dilations (x, t) 7→ (µx, µt).
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2.1.1 Consistency

For a scheme to be consistent with (1.0.1), it is natural to assume that the numerical flux
equals f on the diagonal:

(2.1.4) F (v, . . . , v) = f(v).

For a consistent scheme, we have the Lax–Wendroff Theorem:

Theorem 2.1 Assume that the finite difference scheme (2.1.3) is consistent. Let a ∈
L∞(R) be given. Given a sequence εk → 0 and a number λ > 0, denote uεk the approximate
solution associated to ∆x = εk and ∆t = λεk (one interpolates uεk in order to have it
defined on (0,∞)× R).

Let us assume that the sequence uεk converges boundedly almost everywhere towards
a field u. Then u is a weak (i.e. distributional) solution of the Cauchy problem (1.0.1,
1.1.4).

One may ask whether the following partial converse of Theorem 2.1 holds: if the
Cauchy problem (1.0.1,1.1.4) admits a smooth solution u over (0, T ) × R, then the ap-
proximate solution converges towards u as ∆x → 0. It turns out that the answer is
negative in general under the assumption of consistency only. Such a statement needs an
extra assumption, of stability. This is a well-known general fact in numerical analysis, at
least in the realm of linear evolution problems.

2.1.2 Order of accuracy

Let us assume that u is a smooth solution of (1.0.1). We know that such solutions exist
for rather general smooth data, at least locally in time (Theorem 1.1). Let us fix the grid
ratio λ = ∆t/∆x. We Taylor expand the following expression in terms of ∆t:

u(x, t + ∆t)− h(u(x− p∆x, t), . . . , u(x + q∆x, t)).

If u was also a solution of the difference scheme, this should be zero. Since the scheme is
consistent and u is smooth, it is certainly an O(∆t2). We say that the scheme is of order
` at least if this expression is an O(t`+1).

This notion of accuracy refers only to the approximation of smooth solutions. In
presence of shocks, the situation is not so nice in practice. One observes that second-
order or higher-order schemes generate wild oscillations around discontinuities, a kind of
Gibbs phenomenon. For this reason, second-order schemes are usually completed by flux
limiters which have the role to cancel such oscillations. The price to pay is the loss of
accuracy: the location of the shock waves is computed at first order only. Besides, flux
limiters destroy the abstract form (2.1.3) and it becomes almost impossible to make a
theoretical analysis of the scheme under consideration.
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Numerical viscosity. Let us consider a first-order scheme in conservative form (2.1.3).
If u is a smooth solution, we have

u(x, t + ∆t) = u(x, t) + ∆t ∂tu(x, t) +
∆t2

2
∂2

t u(x, t) + O(∆t3)

= u(x, t)−∆t ∂xf(u(x, t)) +
∆t2

2
∂x (df(u(x, t))∂xf(u(x, t))) + O(∆x3).

Likewise, we have

Fj+1/2 − Fj−1/2 = F (u(xj+1−p), . . . , u(xj+q))− F (u(xj−p), . . . , u(xj+q−1))

= ∆x

q∑
k=1−p

dkF (u, . . . , u)∂xu + ∆x2
∑

k

(k − 1/2)dkF (u, . . . , u)∂2
xu

+
∆x2

2

∑
k,l

(k + l − 1)D2
k,lF (u, . . . , u)(∂xu, ∂xu) + O(∆x3)

= ∆x df(u(x))∂xu + ∆x2
∑

k

(k − 1/2)dkF (u, . . . , u)∂2
xu

+
∆x2

2

∑
k,l

(k + l − 1)D2
k,lF (u, . . . , u)(∂xu, ∂xu) + O(∆x3),

where we have denoted dkF the differential of F (u1−p, . . . , uq) with respect to uk, and we
have used the identity

q∑
k=1−p

dkF (u, . . . , u) = df(u),

which follows from consistency.
In conclusion, we obtain

u(x, t + ∆t)− h(u(x− p∆x, t), . . . , u(x + q∆x, t)) = λ
∆x2

2
D + O(∆x3)

with

D := λ∂x(df(u)∂xf(u))−
∑

k

(2k − 1)dkF (u, . . . , u)∂2
xu

+
∑
k,l

(k + l − 1)D2
k,lF (u, . . . , u)(∂xu, ∂xu).

We use again consistency to obtain

q∑
k,l=1−p

D2
k,lF (u, . . . , u) = D2f(u).
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This allows us to simplify the formula for D:

(2.1.5) D = ∂x

(
λdf(u)∂xf(u) +

∑
k

(2k − 1)dkF (u, . . . , u)∂xu

)
=: −∂x(B(u)∂xu).

The tensor B, given by

B(u) = −λdf(u)2 −
∑

k

(2k − 1)dkF (u, . . . , u),

is called the numerical viscosity.
The fact that the scheme be of order one tells us that B does not vanish. We point

out that if v is a smooth solution of the second-order system in conservation form

(2.1.6) ∂tv + ∂xf(v) = ∆x∂x(B(v)∂xv),

instead of (1.0.1), then

v(x, t + ∆t)− h(v(x− p∆x, t), . . . , v(x + q∆x, t)) = O(∆x3).

We point out that this v does depend on ∆x and is expected to tend towards u as ∆x → 0.
The numerical scheme thus approximates (2.1.6) in a better way than (1.0.1). One says
that (2.1.6) is the equivalent equation of the difference scheme.

Recall that for the Cauchy problem for (2.1.6) being well-posed, one needs that the
spectrum of B(u) be of non-negative real part. This comes naturally as a necessary
condition for the stability of the difference scheme.

2.1.3 Linearized L2-stability

When approximating smooth solutions, it is useful to make a linear analysis, by linearizing
both the system (1.0.1) and the difference scheme. We are thus led to the study of the
linear system

(2.1.7) ∂tu + A(ū)∂xu = 0,

together with the linear scheme

(2.1.8) um+1
j = um

j + λ

q∑
k=1−p

dkF (ū, . . . , ū)(um
j+k−1 − um

j+k).

The Cauchy problem for (2.1.7) is well-posed in every space Lp(R)n under hyperbolicity.
Actually the system can be recast as a list of decoupled transport equations and the solu-
tion can be computed explicitly. The situation is not so nice in several space dimensions,
where we do have well-posedness in L2, but not in Lp for p 6= 2. For this reason, we shall
work only in L2 within this section.
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The scheme (2.1.8) defines a linear operator S∆ : `2 → `2. The approximate solution
at time tm is given by

Um = (S∆)m U0.

Recall that the ratio λ is kept fixed. Let us say that ∆t = 1/N for some large integer
N . Then the approximate solution at time t = 1 is (S∆)N U0. If the difference scheme
converges in this linear setting, then the Principle of Uniform Boundedness (sometimes
called the Banach–Steinhaus Theorem) implies that ‖ (S∆)N ‖L (`2) remains bounded as
N → +∞. In other words, a necessary condition for convergence is the (linear) stability:

(2.1.9) ∃C < ∞ s.t. ‖ (S∆)N ‖L (`2) < C for N∆t ∼ 1.

We notice that the stability of the scheme implies

(2.1.10) ∃C < ∞ s.t. ρ(S∆) ≤ 1 + C∆t,

as ∆t → 0, where ρ denotes the spectral radius of the linear operator S∆ in `2.
Thanks to linearity and translation invariance, we can perform a Fourier transform, a

continuous one for (2.1.7) and a discrete one for (2.1.8):

Ûm(ξ) :=
∑
j∈Z

e−ijξum
j .

We find that
Ûm(ξ) = σ(ξ)mÛ0, ∀ξ ∈ R,

for some matrix σ(ξ) ∈ Mn(C) defined by

σ(ξ) = In + λ

q∑
k=1−p

(
ei(k−1)ξ − eikξ

)
dkF (ū, . . . , ū).

The linear stability thus amounts to saying that

(2.1.11) ∃C < ∞ s.t. ‖σ(ξ)N‖`2 < C, ∀ ξ ∈ R and N∆t ∼ 1.

This requires

(2.1.12) ∃C < ∞ s.t. ρ(σ(ξ)) ≤ 1 + C∆t, ∀ξ ∈ R.

It may happen that σ(ξ) does not depend at all upon ∆t, but only on the grid ratio
λ. In this particular case (the Godunov scheme for instance), then the stability condition
becomes that the set of matrices σ(ξ)m is uniformly bounded in ξ ∈ R/2πZ and m ∈ N.
In this situation, (2.1.12) is equivalent to

(2.1.13) ρ(σ(ξ)) ≤ 1, ∀ξ ∈ R.

We warn the reader that (2.1.11) is a necessary and sufficient condition for linearized
stability, but (2.1.12) or (2.1.13) is only a necessary condition.
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Small frequencies. Let us Taylor expand σ(ξ) about ξ = 0:

(2.1.14) σ(ξ) = In − iξλdf(ū) + λξ2

q∑
k=1−p

(k − 1/2)dkF (ū, . . . , ū) + O(ξ3).

The spectrum of σ(ξ) obeys a Taylor expansion, which can be found from (2.1.14) by
using the Implicit Function Theorem. For each j, there is a smooth eigenvalue ξ 7→ Λj(ξ),
such that

Λj(ξ) = 1− iξλλj + λξ2`j

(
q∑

k=1−p

(k − 1/2)dkF (ū, . . . , ū)

)
rj + O(ξ3),

where we recall that `j(u) and rj(u) are the eigenform and the eigenvector of df(u),
respectively, associated to λj(u) and normalized by `jrj = 1.

The modulus of Λj equals

1 + ξ2

(
λ2λ2

j + λ

q∑
k=1−p

(2k − 1)`j(ū)dkF (ū, . . . , ū)rj(ū)

)
+ O(ξ3).

The necessary condition (2.1.12) thus implies

(2.1.15) λλ2
j +

q∑
k=1−p

(2k − 1)`j(ū)dkF (ū, . . . , ū)rj(ū) ≤ 0, ∀j = 1, . . . , n.

This is equivalent to saying that

(2.1.16) `j(ū)B(ū)rj(ū) ≥ 0, ∀j = 1, . . . , n.

Exercise. In general, the inequality (2.1.16) is independent of the positivity of the
spectrum of B(u). Prove however that this positivity implies (2.1.16) when both ma-
trices df(u) and B(u) are symmetric. More generally, assume that (1.0.1) admits a
strongly convex entropy η, and that B is η-dissipative in the sense of (1.5.28). Prove
that D2η(rj, ·) = D2η(rj, rj)`j. Deduce that (2.1.16) holds true.

The asymptotic analysis at small frequency has the interest of relying the numerical
viscosity B to the linearized stability of the scheme. However it is far from satisfactory
in general. As we shall see in the examples below, the stronger constraints that stability
imposes often come because of not-to-small values of ξ.

2.1.4 The Courant-Friedrichs-Lewy condition

Since λ is positive, the necessary condition (2.1.15) tells us that that the sum over k has
to be negative. Actually, it tells us more than that: λ has to be small enough. Imagine
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for instance that the derivatives dkF of the numerical flux are proportional to λ−1. This
sounds reasonnable since both quantities have the dimension of a velocity. Then (2.1.15)
provides an upper bound for λ, which is proportional to the inverse of the spectral radius
ρ(df(u)). An explicit condition relating df(u) and λ will be given on specific examples.

The condition (2.1.15), expressed as an upper bound of λ = ∆t/∆x, is called the
Courant-Friedrichs-Lewy condition (CFL). It tells us that ∆t must be smaller than a
given constant times ∆x. When ∆t/∆x is too large, violent instabilities take place, in
general in the form of wild oscillations. The numerical solution u∆x then does not converge
at all and it is impossible to guess what the exact solution looks like.

A practical explanation of (CFL), viewed as a limitation of λ, is given by the prop-
agation with finite velocity. Say for instance that there is a finite constant V such that
ρ(df(u)) < V for every relevant value u of the state. Let us consider an initial data a
that is constant (≡ ū) outside a compact interval [−L, L]. Then it can be proved that the
solution of the Cauchy problem has the property

(2.1.17) Supp[u(·, t)− ū] ⊂ [−L− V t, L + V t].

This estimate is accurate in the sense that for most initial data of this form, the solution
does vary (i.e. is not constant) in the domain −L + tλ1(ū) < x < L + tλn(ū).

On an other hand, the numerical solution is such that u∆x(x, t) ≡ ū when x > L +
pt/λ+O(∆t) and also when x < −L−qt/λ+O(∆t). If u∆x is going to converge pointwise
towards u, then one needs obviously that

−L− qt/λ ≤ −L + tλ1(ū), L + tλn(ū) ≤ L + pt/λ

for positive t, that is

(2.1.18) λλ1(ū) ≥ −q, λλn(ū) ≤ p.

For instance, in the case of a three-point scheme (p = q = 1), one finds the well-known
CFL condition

(2.1.19) λ ρ(df(ū)) ≤ 1, ∀ū.

2.1.5 Entropy-consistent schemes

Let us assume that the system (1.0.1) admits an entropy-flux pair (η, q) with as usual
D2η > 0. One may wander whether the limit of approximate solutions, assuming that
it exists, satifies the entropy inequality (1.2.13). The way to ensure that is to ask the
scheme to be entropy-consistent.

We say that a conservative difference scheme is entropy-consistent if there exists a
numerical entropy flux Q = Q(u1−p, . . . , uq), consistent in the sense that G(u, . . . , u) ≡
q(u) and such that, whenever

v := u0 + λ(F (u−p, . . . , uq−1)− F (u1−p, . . . , uq)),
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one has

(2.1.20) η(v) ≤ η(u0) + λ(G(u−p, . . . , uq−1)−G(u1−p, . . . , uq)).

This inequality is the discrete counterpart of (1.2.13). The Lax-Wendroff Theorem 2.1
extends to the context of entropy-consistent schemes, in the sense that if u∆x converges
boundedly almost everywhere, then its limit is not only a weak solution, but it is an
entropy solution: It satisfies (1.2.13) in the distributional sense.

Entropy consistency provides a non-linear form of stability. If a is constant (≡ ū)
outside of a compact interval, we may assume (up to the addition of an affine function to
η) that η(ū) = 0 and that η is positive otherwise. Then∑

j∈Z

η(u0
j)

is finite. Because of (2.1.20), this remains true for the approximate solution:∑
j∈Z

η(u0
j) ≤

∑
j∈Z

η(u0
j) ≤ ∆x

∫
R

η(a(x)) dx.

This provides an a priori estimate of u∆x in some Lebesgue space L∞(0, +∞; Lp(R)) or
in an Orlicz space.

By a linearization procedure, it can be proved that an entropy-consistent scheme is
linearly L2-stable. Such a scheme does have numerical viscosity: it cannot be second-order
accurate or more.

2.2 Examples

2.2.1 The naive centered scheme

The simplest way to approximate (1.0.1) is to replace the time derivative by a backward
difference and space derivative by a centered difference:

∂tu 7→
um+1

j − um
j

∆t
, ∂xf(u) 7→

f(um
j+1)− f(um

j−1)

2∆x
.

This yields a three-point scheme with the numerical flux

F (u0, u1) =
1

2
(f(u0) + f(u1)).

We find easily the numerical viscosity

B(u) = −1

2
(df(u))2.

Since `jBrj = −λ2
j/2 is negative, the linearized stability condition is violated. The

centered scheme suffers violent instabilities of Hadamard type, which make it useless in
the approximation of the Cauchy problem. This instability was observed by von Neumann
in the very first attempt to calculate solutions of gas dynamics.
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Exercise. Let us approximate the time derivative by a centered difference too:

∂tu 7→
um+1

j − um−1
j

2∆t
.

This is the leap-frog1 scheme. Show that it is linearly stable under the CFL condition
(2.1.19). You are warned that the leap-frog scheme involves two time steps instead of one.
Thus you must rewrite it in the form(

Um+1(ξ)
Um(ξ)

)
= Σ(ξ)

(
Um(ξ)

Um−1(ξ)

)
.

2.2.2 The Lax–Friedrichs scheme

The Lax-Friedrichs scheme uses the approximation

∂tu 7→
1

∆t

(
um+1

j −
um

j+1 + um
j−1

2

)
,

still with the centered difference for space derivative. It thus writes

um+1
j =

1

2
(um

j+1 + um
j−1) +

λ

2
(f(um

j−1)− f(um
j+1)).

It is a three-point scheme (although u0 is not present in H∆) with numerical flux

FLF (u0, u1) =
1

2λ
(u0 − u1) +

1

2
(f(u0) + f(u1)).

The numerical viscosity is

BLF (u) =
1

2
(λ−2In − (df(u))2).

The stability condition (2.1.15) at small frequencies thus writes as (2.1.19).
Let us now investigate the more precise condition (2.1.13). We first compute the

matrix σ(ξ):
σLF (ξ) = (cos ξ)In − iλ(sin ξ)df(ū).

For the spectral radius of σLF (ξ) to be less than one at every ξ ∈ R, it is necessary and
sufficient to have (2.1.15). Therefore this CFL condition ensures the linearized stability
of the Lax-Friedrichs scheme.

In practice, one observes acceptable numerical results with the Lax-Friedrichs scheme
under the CFL condition. The drawback is that the shock waves are smeared because of
a rather high numerical viscosity. Understanding this phenomenon is one task of the next
chapter.

The Lax-Friedrichs scheme is entropy-consistent, with the numerical entropy flux

QLF =
1

2λ
(η(u0)− η(u1)) +

1

2
(q(u0) + q(u1)).

1The French expression saute-mouton translates as leap-sheep, although Brittons are fond of lamb
meat and Frenchs are fond of frogs.
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Exercise. Because the formula um+1
j = h(um

j−1, u
m
j+1) does not involve um

j itself, one can

express um+2
j = ĥ(um

j−2, u
m
j , um

j+2). Show that ĥ defines a conservative difference scheme.

Write explicitly its numerical flux F̂ , then the numerical viscosity B̂.

2.2.3 The Lax–Wendroff scheme

The Lax-Friedrichs scheme is only first order, since its numerical viscosity is non-zero.
We now present a second-order scheme, due to Lax and Wendroff. It has several variants,
depending on the choice for Am

j±1/2 in the formula below:

um+1
j = um

j +
λ

2
(f(um

j−1)− f(um
j+1))

+
λ2

2

(
Am

j+1/2(f(um
j+1)− f(um

j )) + Am
j−1/2(f(um

j−1)− f(um
j ))
)
.

The purpose of the matrix Am
j+1/2 is to approximate df(u) at (xj+1/2, tm). Convenient

choices are

Am
j+1/2 = df

(
um

j+1 + um
j

2

)
, Am

j+1/2 =
1

2
(df(um

j+1) + df(um
j )), Am

j+1/2 = A(um
j , um

j+1).

What we always need is that

(uj = uj+1) =⇒ (Aj+1/2 = df(uj)).

Exercise. Write the numerical flux FLW . Check that the numerical viscosity vanishes
identically. Interestingly enough, this property does not depend upon the choice of Am

j±1/2.
At last, show that the Lax-Wendroff scheme is linearly stable under the CFL condition
(2.1.19).

The Lax-Wendroff is not entropy-consistent, since the numerical viscosity vanishes
identically.

2.2.4 The Godunov scheme

The Godunov scheme is a little bit more elaborated. To some extent, it is a finite volume
scheme. Once (um

j )j∈Z has been computed, one defines u∆x at time tm = m∆t by

u(x, tm) := um
j over

(
xj−1/2, xj+1/2

)
.

Thus u is piecewise constant at time tm. This allows us to solve explicitly the Cauchy
problem for (1.0.1) over a time interval (tm, tm+T ) by gluing the solutions of the Riemann
problems between consecutive state (um

j , um
j+1). These solutions agree as long as the waves

emanating from the discontinuity do not reach the walls of the cell (j∆x, (j+1)∆x). Since
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the waves typically travel at a velocity λk(ū) for some k and some ū, the time interval
during which we may glue the Riemann problems is at least

∆x

2 max ρ(df(ū))
.

This can be improved, by remarking that we shall need only to know the values of the
solution on the vertical lines defined by x = xj for j ∈ Z. Thus it is sufficient that
this value is unchanged, even though consecutive Riemann problems interact. It is thus
enough that the waves emanating from the points xj±1 do not reach the line x = xj. This
must be true on a time interval twice as big as our first estimate above. We thus allow a
time interval

∆t =
∆x

max ρ(df(ū))
.

In other words, the Godunov scheme can be used under the CFL condition (2.1.19).
We now construct the values um+1

j . To do so, we consider the solution Um constructed

above, at time tm+1 − 0. Then we make an average in each cell
(
xj−1/2, xj+1/2

)
:

um+1
j :=

1

∆x

∫ (j+1/2)∆x

(j−1/2)∆x

Um(y, tm+1) dy.

Integrating over the domain
(
xj−1/2, xj+1/2

)
× (tm, tm+1) the conservation law (1.0.1) sat-

isfied by Um, we obtain

um+1
j = um

j + λ(Fm
j−1/2 − Fm

j+1/2),

where the numerical flux is given by

Fm
j+1/2 = FG(um

j , um
j+1), FG(a, b) := f(R(a, b; x/t = 0)).

Hereabove, we have denoted R(a, b; x/t) the solution of the Riemann problem between
the left state a and the right state b. We recall that this solution depends only on x/t.

We point out that there may be an ambiguity in the value R(a, b; 0), in the case where
the Riemann problem admits a discontinuity across x = 0. However this is harmless be-
cause then the Rankine-Hugoniot condition [f(u)] = 0 tells us that the value f(R(a, b; 0))
is not ambiguous.

Stability analysis. At a linearized level, FG(a, b) is replaced by f(ū) + df(ū)+(a −
ū) + df(ū)−(b − ū) = df(ū)+a + df(ū)−b, where df(ū)±X are the projections of df(ū)X
on the stable/unstable subspaces of df(ū). We therefore have d0FG(ū, ū) = df(ū)+ and
d1FG(ū, ū) = df(ū)−. Whence the formula

σG(ξ) = In + λ(e−iξ − 1)df(ū)+ + λ(1− eiξ)df(ū)−.

The eigenvalues of σG(ξ) are the numbers

1 + 2(1− cos ξ)λ|λj|(λ|λj| − 1), j = 1, . . . , n.
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One deduces that the condition (2.1.13) of linearized stability is equivalent to the CFL
condition (2.1.19).

Once again, the Godunov scheme gives an acceptable approximation whenever the
CFL condition holds for relevant states. Shocks are smeared because of the numerical
viscosity. We observe however that the viscous tensor

B(u) = |df(u)|(In − λ|df(u)|) (with |df(u)| := df(u)+ − df(u−))

vanishes in the direction of the kernel of df(u). This suggests that steady discontinuities
are not smeared. This point will be studied in the next Chapter.

The Godunov scheme is entropy-consistent, with numerical entropy flux

QG = q(R(u0, u1; 0)).

We point out that this flux is not that well defined if the Riemann problem admits a
steady discontinuity. In this case, QG should be multi-valued:

QG(u0, u1) = [q(R(u0, u1; 0+)), q(R(u0, u1; 0−))].

2.3 Schemes for scalar equations

We have seen in Paragraph 1.2.7 that for scalar equations (n = 1), the Cauchy problem
is well-posed in the L∞ class. Actually, the estimate (1.2.16) shows that well-posedness
holds true in L1(R) too. We thus have an alternative to the L2-theory. In particular, we
may expect to work directly at the non-linear level.

The well-posedness of the Cauchy problem is a consequence of the following properties:

Comparison: If a ≤ b almost everywhere, then the entropy solutions u and v evolve
accordingly: u ≤ v,

Conservation: If b− a ∈ L1(R), then v(·, t)− u(·, t) ∈ L1(R) and∫
R
(v(x, t)− u(x, t)) dx =

∫
R
(b(x)− a(x)) dx, ∀t > 0.

Exercise: Show that the comparison and conservation imply together the contraction:
If b− a ∈ L1(R), then∫

R
|v(x, t)− u(x, t)| dx ≤

∫
R
|b(x)− a(x)| dx, ∀t > 0.

At the discrete level, we should like to preserve the above properties of comparison and
conservation. They imply a form of nonlinear stability. Together with the consistency,
we expect that they yield convergence results.
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2.3.1 Monotone schemes

We say that a conservative difference scheme for a scalar equation is monotone if it satisfies
the following comparison principle: Given two approximate solutions, if um

k ≤ vm
k for a

given m and every k, then um+1
j ≤ vm+1

j . This amounts to saying that

H∆ is a non-decreasing function of each of its arguments.

Exercise. Show that, under the CFL condition λ|f ′| < 1, the Lax-Friedrichs and the
Godunov schemes are monotone.

Exercise. Show that the Lax-Wendroff scheme cannot be monotone.

The drawback of monotone schemes is that they may not be high order accurate:

Proposition 2.1 In the scalar case, consider a monotone scheme. Let us assume the
consistency and the CFL condition (2.1.19).

Then the scheme has positive numerical viscosity, unless the flux F depends either
only on u0 or only on u1, and the CFL condition is an equality.2

Proof.
Denoting ak := dkF (u, . . . , u), the numerical viscosity is

b(u) = −λf ′(u)2 −
q∑

1−p

(2k − 1)ak = −λ

∣∣∣∣∣
q∑

1−p

ak

∣∣∣∣∣
2

−
q∑

1−p

(2k − 1)ak.

Because of monotonicity, one has

a1 ≤ a2 ≤ · · · ≤ aq ≤ 0 ≤ a1−p ≤ · · · ≤ a0, 1 + λ(a1 − a0) ≥ 0.

Finally, the consistency and the CFL condition write

λ

∣∣∣∣∣
q∑

1−p

ak

∣∣∣∣∣ ≤ 1.

We thus have

b(u) ≥ −

∣∣∣∣∣
q∑

1−p

ak

∣∣∣∣∣−
q∑

1−p

(2k − 1)ak.

There remains to show that both

±
q∑

1−p

ak −
q∑

1−p

(2k − 1)ak

2This combination of borderline properties is very much unlikely.
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are positive, unless the equality case. This follows from the expressions

q∑
1−p

ak −
q∑

1−p

(2k − 1)ak = 2

q∑
1−p

(1− k)ak

and

−
q∑

1−p

ak −
q∑

1−p

(2k − 1)ak = −2

q∑
1−p

kak,

where the right-hand sides are sums of non-negative terms.
The equality case is left to the reader.

2

2.3.2 Kutznetsov’s error estimate

The monotone schemes have been widely used in the 80’s because of the following con-
vergence result:

Theorem 2.2 Let a ∈ ū+L1(R)∩L∞(R) be a given initial data for a scalar conservation
law (1.0.1). Let u∆x be an approximate solution, provided by a monotone difference scheme
with a fixed grid ratio λ. We assume that the scheme is consistent with (1.0.1).

Then u∆x converges boundedly almost everywhere towards the Kruz̆kov solution u of
the Cauchy problem.

Suppose in addition that the total variation of a is finite. Then one has the estimate

(2.3.21) ‖u∆x(·, t)− u(·, t)‖L1 ≤ C
√

t∆x TV (a).

Comments.

• In the estimate above, the constant C depends only on the Lipschitz constant of f
and on that of the numerical flux F .

• When a is not of bounded variations, one still has an estimate, but the right-hand
side involves the modulus

ω(h) := ‖a(·+ h)− a‖L1 ,

and the dependence in t and ∆x depends on the behaviour of ω near the origin.

• If f ′′ > 0 (genuine nonlinearity, then
√

t∆x can be replaced by t1/4
√

∆x. Then the
estimates is valuable whenever t∆x << 1.
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Chapter 3

Discrete shock profiles

So far, our analysis of the consistency of conservative difference schemes has been limited
to the case where the underlying solution is smooth, thus slowly varying. This limit
manifests itself in (2.1.4), where we understate that un

j−p, . . . , u
n
j+q are close to a constant

state v. This is by no means correct in presence of a jump. When the solution of the
Cauchy problem admits a discontinuity from u− to u+ across a line x = X(t), we expect
that un

j−p ∼ u− and un
j+q ∼ u+ when the mesh (n∆t, j∆x) is somewhere close to the shock

front. In this situation, we need another notion of consistency, which tells us how the
approximate solution varies in a region of width O(∆x) around the front. The appropriate
concept is that of Discrete shock profile.

3.1 DSPs and conservation

We wish to mimic the notion of viscous shock profile. Let (u−, u+; s) be a triplet satisfying
(1.2.10). A discrete shock profile would be a travelling wave

U

(
x− st

ε

)
, U(±∞) = u±,

defined at every grid point (t, x) = (n∆t, ∆x). Therefore the argument (x − st)/ε runs
over the additive subgroup Z + ηZ, where we have defined

η := s
∆t

∆x
= sλ.

In addition, the wave has to be an exact solution of the numerical scheme (as a viscous
profile was an exact solution of the parabolic conservation law (1.2.15)). Whence the
definition:

Definition 3.1 A Discrete shock profile (DSP) is a function

U : Z + ηZ → U ,

43
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satisfying
lim

y→±∞
U(y) = u±

and the profile equation

U(y − η) = U(y) + λ{F (U(y − p), . . . , U(y + q − 1))(3.1.1)

−F (U(y − p + 1), . . . , U(y + q))}, ∀y ∈ Z + ηZ.

We immediately see a new feature in this beginning theory. The subgroup Z + ηZ can
be discrete (when η is rational) or dense (when η is irrational). Thus one speaks of the
rational case and of the irrational case.

Rational case. When η ∈ Q, we write η = m
`

as an irreducible fraction. Then the
domain Z + ηZ equals `−1Z. We ask that the profile equation (3.1.1) be satisfied
for every y ∈ `−1Z. We shall often treat this equation as a dynamical system for a
diffeomorphism.

Irrational case. When η 6∈ Q, the domain is dense in R. It becomes natural to look for
a continuous travelling wave U , defined over the whole line R. Then the equation
(3.1.1) has to be satisfied for every y ∈ R. This is a much more difficult situation
from the analytical point of view.

We notice that we pass continuously from one case to the other one. We may either keep
the triplet (u−, u+; s) fixed and let vary the aspect ratio λ of the grid, or keep the grid
fixed and let the triplet vary, as it would happen generically along a curved shock. We
therefore expect that the qualitative results be the same in both cases. Sadly, we shall
see that this is not true at all.

The profile equation can be integrated once, as in the viscous case, because of conser-
vativeness. For instance, in the irrational case, we have

U(y)− U(y − η) =
d

dy

∫ y

y−η

U(ξ)dξ,

while
F (U(y − p + 1), . . . , U(y + q))− F (U(y − p), . . . , U(y + q − 1))

=
d

dy

∫ y+1

y

F (U(ξ − p), . . . , U(ξ + q − 1))dξ.

The profile equation is thus equivalent to the constency of

y 7→
∫ y

y−η

U(ξ)dξ − λ

∫ y+1

y

F (U(ξ − p), . . . , U(ξ + q − 1))dξ.

From the condition at infinity, together with (2.1.4), we see that this constant must
equal both of ηu± − λf(u±). This in turn implies the Rankine-Hugoniot condition. In
conclusion, the Rankine-Hugoniot condition is a necessary condition for the existence of
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a DSP (as it was for the existence of a viscous profile). Finally, we have the integrated
equation∫ y

y−η

U(ξ)dξ − λ

∫ y+1

y

F (U(ξ − p), . . . , U(ξ + q − 1))dξ = λ(su− − f(u−)).

Exercise. Assume that the scheme is entropy-consistent. Prove that (1.2.13) is a nec-
essary condition for the existence of a DSP.

In the rational case, the integrated profile equation involves finite sums instead of
integrals. We leave it as an exercise.

3.1.1 The function Y

Let U be a DSP. In the rational case, we allow the domain of definition to be an arbitrary
set D with the property that D + `−1Z = D . We sometimes write (U ; D) to recall what
is the domain of definition of U . In this case, each of the restriction of U to translates
d + `−1Z, where d ∈ D is given, is a discrete shock profile. Taking two base points d, d′

that are not congruent modulo `−1 amounts to comparing two distinct DSPs for the same
shock. We shall see later on that this is relevant at least for small Lax shocks.

Let us define the following function

Y (x; h) :=
∑

y∈x+Z

(U(y + h)− U(y)), ∀x, x + h ∈ D .

Hereabove we assume that U has finite total variation in order to ensure the convergence
of the series. This is true for instance in the scalar case, where one can prove the existence
of a monotonous DSP with domain of definition D = R ; see below.

Of course, the series ∑
y∈x+Z

|U(y)|,
∑

y∈x+Z

|U(y + h)|

do not converge, especially because u+ 6= u−. Therefore one must take care with resum-
mation. For instance,

Y (x; h + 1)− Y (x; h) =
∑

y∈x+Z

(U(y + h + 1)− U(y + h))

=
∑

y∈x+h+Z

(U(y + 1)− U(y)) = u+ − u−!!

This identity does not involve the fact that U is a DSP. It only uses the limits of U at
±∞. On the contrary, the identity below, which at first glance looks very similar to the
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former, is a consequence of (3.1.1):

Y (x; h− η)− Y (x; h) =
∑

y∈x+Z

(U(y + h− η)− U(y + h))

=
∑

y∈x+h+Z

(G(y + h)−G(y + h + 1)),

where
G(y) := λF (U(y − p), . . . , U(y + q − 1)).

We therefore have

Y (x; h− η)− Y (x; h) = G(−∞)−G(+∞) = λ(f(u−)− f(u+)) = η(u− − u+),

where we have used (2.1.4) and (1.2.10).
Combining the above calculations, we deduce

Theorem 3.1 Let us assume that the DSP U : D → U has bounded variations. Then
the function Y satisfies

Y (x; h)− Y (x; k) = (h− k)[u], ∀h, k ∈ D .

In particular, if D = R (for instance in the irrational case), we have

Y (x; h) = h[u].

3.1.2 Scalar case: monotone schemes

We consider in this paragraph the situation for a scalar equation, for which we employ a
monotone scheme. For instance, it could be the Lax–Friedrichs scheme or the Godunov
scheme, under the CFL condition. It is not difficult to show that a monotone scheme
satisfies a comparison principle, as well as L1-contraction: If (un

j ) and (vn
j ) are approximate

solutions governed by the scheme, we have

• If un
j ≤ vn

j for all j ∈ Z, then un+1
j ≤ vn+1

j ,

• If un
· − vn

· ∈ `1, then ∑
j∈Z

|vn+1
j − un+1

j | ≤
∑
j∈Z

|vn
j − un

j |.

These properties have the consequences that whenever U is a discrete shock profile (with
D minimal), it is monotonous. Using then the function Y , we deduce

Theorem 3.2 Consider a monotone conservative scheme for a scalar conservation law.
Then every DSP (with minimal domain) is monotonous and Lipschitz continuous:

|U(y)− U(z)| ≤ |(y − z)[u]|.
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The existence of a DSP for a given shock can be obtained in two steps. When dealing
with a strictly monotone scheme in an interval that contains u±, ordering arguments were
employed by G. Jennings [12] to prove that every Lax shock with a rational η admits a
one-parameter family of DSPs, whatever the strength |ur − ul| of the shock. For every
u∗ taken in (ul, ur) (or (ur, ul)), there exists a unique DSP with u0 = u∗. As mentioned
above, this DSP is itself strictly monotone.

Jennings claimed that this result could be extended to irrational values of η. How-
ever, his density argument did not contain any detail. The question has been therefore
considered as open for a long time. The gap was filled recently in [24], using the function
Y described above. The Lipschitz estimate in Theorem 3.2 provides a compactness argu-
ment. This method allows to relax also the strict monotonicity. In particular, it handles
the case of the Godunov scheme, for which Jennings’ proof was powerless even in the
rational case. We now have an as general as possible existence and uniqueness theorem,
since only the monotonicity of the scheme over (u−, u+) is required. The final result is

Theorem 3.3 Let us consider a scalar conservation law and assume that the conserva-
tive difference scheme is monotone (not necessarily strictly) in some interval I. Then
every shock (u−, u+; s) satisfying the Oleinik condition with strict inequalities admits a
continuous DSP, defined on the whole line R.

In the rational case, this result tells us that the shock admits a continuum of DSPs.
For this reason, we often speak of continuous DSPs ; even though this terminology is a
bit paradoxical.

An explicit DSP. In general, it is rather difficult to provide DSPs in closed form.
However there is a special case where this is possible. Let us consider the scalar equation

∂tu + ∂xf(u) = 0, f(u) := −2

λ
log cosh

u

2

which we approximate through the Lax–Friedrichs scheme. Using the Hopf–Cole trans-
formation, P. Lax found the following formula for the DSP:

U(y) = log
ay+1 + 1

ay−1 + 1
,

where a is the unique root of

2a−η = a−1 + a, a 6= 1.

This travelling wave connects the states u = 0 and u = 2 log a, in an order that depends
of the position of a w.r.to 1, that is of the sign of s (still, η := sλ). With the addition of
a constant to U , this formula provides a DSP for every Oleinik shock of our conservation
law.

We point out that the domain of definition of U is the whole line, as expected from
Theorem 3.3. This justifies the fact that, even in the rational case, we look for continuous
DSPs, at least in the case of Lax shocks.



48 CHAPTER 3. DISCRETE SHOCK PROFILES

3.2 Existence theory for rational η

We discuss in this section the tools for the existence of DSPs in the rational case. They
follow the ideas used for VSPs, borrowed from dynamical systems theory. The main
modification is that instead of working with vector fields, we work with diffeomorphisms.
Thus the relevant theory is that of discrete dynamical systems.

For this procedure to apply, we need that the numerical flux be an invertible function
of its extreme arguments. This works for instance for the Lax–Friedrichs scheme, but not
for the Godunov scheme.

For a short account of the Center Manifold Theorem, taylored for its application to
bifurcation analysis, we refer to [4].

3.2.1 DSPs for small steady Lax shocks

For the sake of simplicity, we assume a three-point scheme. As mentionned above, our
flux F (a, b) is invertible with respect to both a and b. The profile equation is integrated
once. If η = m/`, this yields

m−1∑
j=0

U

(
y − j

`

)
− λ

∑̀
k=1

F

(
U

(
y − 1 +

k

`

)
, U

(
y +

k

`

))
= m(u− − sf(u−)).

By the CFL condition, we know that |m| < `, and therefore this equation is equivalent to
an induction of the form

U(y + 1) = φ

(
U(y − 1), . . . , U

(
y +

`− 1

`

))
.

Expanding our unknow as

V (y) :=

(
U(y − 1), . . . , U

(
y +

`− 1

`

))
,

our problem can be recast as finding a heteroclinic orbit from V− := (u−, . . . , u−) to
V+ := (u+, . . . , u+) of a dynamical system

(3.2.2) V

(
y +

1

`

)
= Φ(V (y)).

As in Section 1.5, we have to let the triplet (u−, u+; s) vary. However, we need that the
integrated profile equation keep a fixed form. In particular, we want to keep a same size
`n of the unknown. For this reason, we ask that η remains constant. This can be achieved
in two ways: Either one keeps a fixed grid and let vary u− and u+ simultaneously, in such
a way that the shock velocity s remains constant. Or one keeps u− fixed, let vary u+

and choose the grid ratio according to λ := m/s`. In both cases, we start from a triplet
(u−, u−; λk(u−)). When applying a center manifold theorem, we need that the differential
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of the diffeomorphism (extended to a larger unknown, say (V, u+)) have a well-identified
eigenspace associated to the eigenvalue µ = 1, and no over eigenvalue on the unit circle
(this last part is called non-resonance). Then the dynamics reduces to a simpler dynamics
over the center manifold.

For a Lax shock, this manifold is of dimension n + 1. Each line of equation u+ = cst
is invariant under the dynamics. We can therefore reduce the analysis to such lines, on
which we find two fixed points, corresponding to the Hugoniot triplets (u−, u+; s) and
(u+, u+; λk(u+)). The restriction of the diffeomorphism over such a line γ(u+) preserves
the orientation. Therefore every point V0 ∈ γ(u+) between the fixed points serves to build
a DSP, through V (j) := Φ(j)(V0). We obtain in this way a continuum of DSPs. In other
words, we are in presence of a ‘continuous’ DSP. Mind that such a continuous DSP is far
from unique, even up to a shift. For if ρ = R → R is strictly increasing and such that
ρ(y + 1/`) = ρ(y) + 1/`, and if U is a continuous DSP, then U ◦ ρ is an other one. In
practice, we do not distinguish both.

In the construction above, the Lax shock inequalities (1.3.17,1.3.18) guarantee that
the profile goes from u− to u+, as in the viscous case. For a complete proof of the following
result, we refer to ([25]. The result itself is due to Majda and Ralston [18]. See also [19].

Theorem 3.4 Assume that the numerical flux be invertible to its extreme arguments. Let
u− ∈ U and λ0 be given, in such a way that the k-th characteristic field be GNL at u−,
and η := λk(u−)λ be rational, η = m/`. We also assume some linear stability and a
non-resonance condition for the scheme (details are omitted).

Then there exists two neighbourhoods V ⊂ V1 of u− such that, for every entropy-
admissible shock (ul, ur; s) with ul,r ∈ V , and every grid ratio λ such that sλ = m/`,
there exists a continuous DSP with values in V1. In addition this DSP is unique, up to
transformations ρ as described above.

Remarks.

• The smallness assumption, represented by the neighbourhood V , depends dramati-
cally upon the denominator `. This set shrinks to {u−} as ` → +∞. Therefore this
theorem cannot be used to prove an existence result for irrational η’s by passing to
the limit from rationals to irrationals.

• Amazingly, the non-resonance condition is not satisfied by the Lax–Friedrichs scheme,
for an obvious reason: this scheme acts on the grid points with j + n even on the
one hand, and on the grid points with j + n odd on the other hand, independently.
To get rid of this decoupling, we can iterate twice the scheme and then restrict to
the coarser grid of points with j, n even. This new grid has time and space lengths
2∆t and 2∆x, respectively (λ is thus inchanged). The scheme then rewrites

un+2
j = un

j + λ(F (un
j−2, u

n
j )− F (un

j , u
n
j+2))

with numerical flux

FLF2(a, b) =
1

4λ
(a− b) +

1

4
(f(a) + f(b)) +

1

2
f

(
a + b

2
+

λ

2
(f(a)− f(b))

)
.
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For reasonnable fluxes, this new scheme is non-resonant.

Other shocks. For shocks with larger amplitude, we cannot write such a general result.
What we can do is to figure out the shape of the intersection of the stable manifold of
(3.2.2) at V+, and its unstable manifold at V−. While in the case of a Lax shock the
sum of their dimensions exceeds by one the dimension N = `n of the ambient space, it
equals N for undercompressive shock, as defined by (1.5.32). Since these manifolds do
not need to have a common tangent vector (contrary to the viscous case), the generic
picture is that they intersect transversally along a discrete set. Therefore the situation
for under-compressive shocks is completely different from the viscous case: – on the one
hand the existence of DSPs is generic instead of exceptional of codimension one, – on the
other hand the DSP is not ‘continuous’, but genuinely discrete. It was shown actually in
[21] that the number of ‘distinct’ DSP for a shock is even. In particular, it is not unique.

3.2.2 DSPs for steady Lax shocks: the Godunov scheme

The procedure described above does not work for the Godunov scheme because its nu-
merical flux is not invertible with respect to either of its arguments. For non-stationary
shocks, the existence of DSPs is an open problem, except in the scalar case where we have
Theorem 3.3. However, the case of steady shocks can be treated explicitly. In particular,
there is no need of a smallness assumption. Given a steady shock (u−, u+; s = 0), we shall
make two natural assumptions:

• The Riemann problem with a constant initial data u(t = 0, x) ≡ a admits only the
constant solution u ≡ a. We point out that this assumption is a direct consequence
of the entropy inequality (1.2.13) if there is a convex entropy.

• The equation f(v) = f(u−) has only the two solutions u− and u+.

The profile equation reduces to FGod(uj, uj+1) = f(u−), that is f(R(uj, uj+1; 0)) =
f(u−). By assumption, this means that

uj+1/2 := R(uj, uj+1; 0) ∈ {u−, u+}, ∀j ∈ Z.

Lemma 3.1 If uj−1/2 = u+, then uj+1/2 = u+. Equivalently, if uj+1/2 = u−, then
uj−1/2 = u−.

Proof.
We proceed ad absurdum. Let us assume that uj−1/2 = u+ and uj+1/2 = u−. This

means on the one hand that one can pass from u+ to uj with only forward waves (i.e.
waves with positive velocities) ; we denote by W this self-similar solution. On the other
hand, we pass from uj to u− by backward waves ; we denote by Z this self-similar solution.
Then we construct a solution of the Riemann problem between uj and itself, using first
W , then the steady shock u− 7→ u+, and finally Z. This contradicts our uniqueness
assumption for a = uj.
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2

Lemma 3.1 amounts to saying that there exists an index j0 such that if j ≤ j0, then
uj−1/2 = u−, while if j ≥ j0, then uj+1/2 = u+.

Lemma 3.2 If j < j0, then uj = u−, while if j > j0, then uj = u+.

Proof.
If j < j0, then uj±1/2 = u−. This means that we can pass from u− to uj by forward

waves, and from uj to u− by backward waves. By the uniqueness assumption, we deduce
that that the Riemann problem between uj and itself passes through u−, and therefore
uj = u−, by uniqueness.

2

There remains to identify uj0 . Since uj0−1/2 = u− and uj0+1/2 = u+, we can pass from
u− to uj0 by forward waves, and from uj0 to u+ by backward waves. The first property

is written uj0 ∈ W f
+ (u−), where f means forward, and the subscript + means that u− is

at right (!!) of uj0 in this Riemann problem. Likewise, the second property is written
u+ ∈ W b

+(uj0), or equivalently uj0 ∈ W b
−(u+). The set of DSPs for the steady shock

(u−, u+; 0) is thus parametrized by a pair (j0, a) where j0 ∈ Z and a is any point of the
intersection

Λ := W f
+ (u−) ∩W b

−(u+).

For a Lax shock (u−, u+; 0), this intersection is usually a curve with end points u±. We
warn the reader that the pairs (j0, u−) and (j0 + 1, u+) define the same DSP. Therefore
the set of DSPs is again a one-parameter set, an infinite ‘periodic’ curve, smooth away
from the points (j0, u−).

For instance, let us consider an extreme shock, say an n-shock (u−, u+; 0). Then every
velocity λk(u+) are negative. Therefore W b

−(u+) is a neighbourhood of u+ ; it is a ‘half-
space’, bounded by the set of states a such that the Riemann problem between a and u+

is such that u ≡ a precisely on x < 0 and only there. In particular, u− is a boundary
point of W b

−(u+). On the other hand, all velocities λk(u−) but the last one are negative.

Therefore W f
+ (u−) is the part of the n-th wave curve of u−, made of states for which the

n-wave is entirely a forward wave. Typically, it is a ‘half’ of the n-th wave curve, bounded
by u+ since the wave between u− and u+ is precisely a steady wave. It is clear on this
example that γ reduces to the segment of the n-th wave curve of u−, of extremities u−
and u+.

3.2.3 What can go wrong ?

If the realm of DSPs was a perfect world, then there would be some kind of well-posedness,
with the following properties:

• For every small Lax shock of a GNL field, there would exists a unique (modulo a
diffeomorphism ρ if η is rational) continuous DSP, no matter whether η is rational
or not,
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• This DSP would be absolutely continuous. In particular, it would have bounded
variations,

• As the shock data (u−, u+; s) and the grid ratio λ vary, the DSP would vary
smoothly.

If all this is true, the function Y varies smoothly with the shock data and λ, thus with
η. In particular, Theorem 3.1 would extend to the rational case since irrational numbers
are dense. In passing, this would fix the DSP up to a translation. However, the identity
Y (x; h) = h[u] would mean that given two genuinely discrete shock profiles U and V over
the domain `−1Z, the sum of the series

(3.2.3)
∑
j∈Z

(U(j)− V (j))

is parallel to u+ − u−. In practice, there is no reason why this should be true, and it is
not too difficult to build counter-examples.

For instance, let us consider the Godunov scheme with a steady shock (thus ` = 1).
We have described the profiles in the previous paragraph. The profiles U and V are
characterized respectively by the pairs (j0, a) and (j1, b) with j0, j1 ∈ Z and a, b ∈ Λ.
Then the sum above equals (j1 − j0)[u] + a− b. If this was parallel to [u] for every choice
of U and V , then Λ would be the straight segment [u−, u+]. It is easy to see that in most
cases, this is false. For instance, it fails in gas dynamics, where every shock is an extreme
shock. As explained above, Λ is the segment between u− and u+ in a wave curve, and
this wave curve is never a straight line.

In conclusion, something must go wrong in the theory of DSPs. Either there are some
small shocks for which no DSP exist. Or DSPs exist but they lack regularity. Actually,
Bressan & coll. constructed [2] an example where the tail of a DSP oscillates so much
that the profile has unbounded variations. Or the DSPs do not depend smoothly enough
on the shock data and the grid ratio.

Special cases. After this discussion, one may wander why everything can go as best as
possible in the scalar case. Theorem 3.3 tells us that the continuous DSP always exists,
that it is monotone and thus of bounded variation, and uniformly Lipschitz. This seems
to contradict the analysis made here, but there is no contradiction at all. In the scalar
case, any two numbers are parallel vectors!

Something similar might happen for systems under the following circumstances:

• Every component fj of the flux, but one, is linear. This applies for instance to the
so-called p-system

∂tu1 + ∂xu2 = 0, ∂tu2 + ∂xp(u1) = 0,

or to the full gas dynamics with the equation of state p = 2ρe (meaning γ = 3).

• The scheme is Lax–Friedrichs.
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It turns out that under these assumptions, the sum (3.2.3) for two DSPs is automatically
parallel to [u]. Thus there is no obstruction to a well-posedness theory for DSPs. This
theory remains however fully open.
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