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In this list of questions, the acronym (MTA) denotes the author’s book “Matrices: Theory
and Applications” (GTM 216, Springer–Verlag). Likewise, (ALE) denotes the additional list
of exercises, available on http://www.umpa.ens-lyon.fr/ ˜serre/extra.pdf.

1. In Exercise 99 of (ALE), one builds an orthogonal companion matrix of a real polyno-
mial whose roots are all of unit modulus. However, this construction is not that much
explicit, because it involves the computation of the square root of some positive definite
Hermitian matrix. Is it possible to make this construction more explicit, say that it uses
at most square roots in R+ ? By Euclidian algorithm, one may always assume that the
polynomial has simple roots. One also easily remove the roots ±1 when they are present.
In particular, we look for a matrix in S0n(R) with n even.

Remark that if such a solution exists, then the reduction of Chapter 10 of (MTA) gives
a Hessenberg orthogonal solution. Such a matrix has the following form, where cj and sj

denote the cosine and the sine of some angle θj:

A(~θ) =



c1 s1c2 s1s2c3 s1s2s3c4 . . .
−s1 c1c2 c1s2c3 c1s2s3c4

0 −s2 c2c3 s2s3c4
...

. . . −s3 c3c4
...

. . . −s4

. . . . . . . . .
...

0 · · · 0 −sn−1 cn−1


.

Perhaps it is a good idea to look a priori for such a matrix.

2. This question is related to the previous one. Let A = A(~θ) be the matrix described above.
Prove or disprove the following formula:

det(XIn − A) =
∑

I⊂P(n−1)

cI
(
Xm(I) + Xn−m(I)

)
,
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where P(n− 1) denotes the set of subsets of {1, . . . , n− 1}, and for I = {j1, . . . , jr} with
j1 < j2 < · · · < jr, we define

cI :=
∏
j∈I

cj, m(I) :=
r∑

s=1

(−1)r−sjs.

In particular, this polynomial is reciprocal in X, and its coefficients are monomials in c of
partial degrees one or zero. Only the central term Xn/2 when n is even has a coefficient
2.

3. In 1958, P. Lax and H. Weinberger proved the following (see Exercise 27 of (ALE)). Let
V be a linear subspace of Mn(R), with the property that the spectrum of every matrix
M ∈ V is real. Denote λ1(M) ≤ · · · ≤ λn(M) the eigenvalues of M ∈ V , repeated with
multiplicities. Then we have

λk(X) + λ1(Y ) ≤ λk(X + Y ) ≤ λk(X) + λn(Y )

for every X, Y ∈ V . In the case when V = Symn(R), this is nothing but the extreme
Weyl’s inequalities.

Do we have also the remaining Weyl’s inequalities, say

λk(X + Y ) ≤ λi(X) + λj(Y ), k + n = i + j ?

More generally, given two n-uplets ρ, σ ∈ Rn, let us consider all the spectra of sums X+Y ,
where X, Y ∈ V run other the matrices with spectra ρ and σ. What kind of subset of
Rn do we obtain ? In the case V = Symn(R), the answer is given by the A. Horn’s
conjecture, proved recently by A. Klyachko and by A. Knutson & T. Tao ; then this set
is a polytope defined by much involved linear inequalities, which come inductively with
n. For a general V , is this set again a polytope ? Is this set contained in the polytope
defined by Horn’s inequalities ?

Lax showed that for n ≥ 3, a general V is not conjugated to a linear subspace of Symn(R).
Thus we cannot use directly the works by Klyachko or by Knutson & Tao.

For a description of Horn’s conjecture, see R. Bhatia: Linear algebra to quantum coho-
mology: the story of Alfred Horn’s inequalities. Amer. Math. Monthly, 108 (2001), pp
289–318.

4. If A, B, C,D are given in Mn(k), we form a 2n× 2n matrix

M :=

(
A B
C D

)
.

It can be proved that if the rank of M is less than or equal to n, then det(AD) = det(BC).
See Exercise 127 in (ALE). Of course, permutations of rows and columns do not change
the rank and therefore provide a wide list of determinantal identities.
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Conversely, let M ∈ M2n(k) be given. Assume that the identity det(AD) = det(BC)
holds true for M and for every matrix PMQ where P and Q are permutation matrices.
Is it true that rkM ≤ n ?

Answer: NO. Assume that M has a null column. It may have rank 2n − 1, but
det(AD) = det(BC) = 0 for every permutation matrices P and Q. The question should
be reformulated with P and Q running over a larger group, say GLn(k). The answer is
then YES, at least if the field k is infinite. See Exercise 181 of (ALE). There remains two
open side questions. The first concerns the case where k is a finite field. For the second,
we begin by considering the polynomials

ρP,Q : M 7→ det(A′D′)− det(B′C ′), M ′ := PMQ.

The ideal J generated by the ρP,Q’s as P and Q run over GLn(k) is finitely generated
since the degrees of ρP,Q’s are constant thus bounded. Let n < N < 2n be given and µ
be an N × N minor, viewed as a polynomial of the entries. Exercise 181 of (ALE) tells
that if ρP,Q(M) vanishes for every non-singular P, Q, then µ(M) = 0. From Hilbert’s
Nullstellensatz, there follows that some power µk belongs to J . However, µ does not,
since every element of J vanishes at the origin with order 2n at least. What is the least
kN for which µk ∈ J ?

5. Given two normal matrices A, B ∈ Mn(C) whose respective spectra are (α1, . . . , αn) and
(β1, . . . , βn), is it true that det(A + B) belongs to the convex hull of the set of numbers

n∏
i=1

(αi + βσ(j)),

as σ runs over the permutations of {1, . . . , n} ?

6. For which matrices A ∈ Mn(C) does the relaxation method converge for every parameter
in the disk |ω − 1| < 1 ?

7. Find in closed form the value of the Banach–Mazur distance between ‖·‖p and ‖·‖q when
p < 2 < q. One recall that its value when (p− 2)(q− 2) ≥ 0 is (see Exercise 19 of (ALE))∣∣∣∣1p − 1

q

∣∣∣∣ log n.

8. Consider the Jacobi method for the computation of the spectrum of a Hermitian matrix
(Section 10.3). Since the search of the largest off-diagonal entry is expensive, we choose
at each step a random pair (p, q) (with 1 ≤ p < q ≤ n). Then we conjugate by a matrix of
rotation in the (p, q)-plane in order to set apq to zero. as in Paragraph 10.3.2, we choose
the angle θ in [−π/4, π/4). Lemma 10.3.1 remains valid and therefore the Frobenius norm
of the off-diagonal part decays. The process is thus a sub-martingale.

Does the sequence A(k) converge for every random choice, or almost surely ? If so, what
is the typical rate of convergence, say when the eigenvalues are simple ?
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