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This notes consists only in easy remarks, examples and questions concerning
Hofer distance, that appeared at the problems session of the Snowbird Confer-
ence1. We consider a compact surface ! which is either the unit disc in the
plane, the 2-sphere, or the closed annulus S1 ! [0, 1]. Each one is equipped wit h
its canonical area (symplect ic) form. We are concerned with the groups

Homeo(D2, ! D2, " ), Homeo0(S2, " ), Homeo(A, ! A, " , 0).

The Þrst one is the group of area preserving homeomorphisms of the disc which
are the identit y near the boundary; the second one is the group of areapreserving
homeomorphisms of the sphere isotopic to the identit y; the last one is the group
of area preserving homeomorphisms of the annulus which are the identit y near
the boundary, isotopic to the identit y, and have zero mean rotation number.
Remember the following open question ([2]):

Question -1. Are thesegroups simple?

M¬uller and Oh have deÞned in each context a normal subgroup Hameo
whoseelements are called hameomorphisms, leaving unsolved the following ques-
tion ([6]).

Question 0. For each of the three homeomorphisms groups above, is Hameo a
proper subgroup?

Let us recall the deÞniti on of Hameo,following [6]. For each of the threehome-
omorphisms groups we consider the subgroup of smooth di"e omorphisms, which
are called Hamiltoni an di" eomorphisms: they are the ti me one maps of time-
dependent compactly supported Hamilton ian ßows. Thesesubgroups, which we
denote by Ham(!), are equipped with the Hofer metrics, deÞned as follows. Let
H : (t, x) "# Ht (x) be a smooth compactly supported2 time-dependent function
on ! = D2, S2 or A. Then the Hofer norm of H is

||H || :=
! 1

0
Osc(Ht )dt, where Osc(Ht ) := max

Σ
Ht $ min

Σ
Ht .

1Symplectic Topology and Measure-Preserving Dynamical Systems, Snowbird, July 2007.
2That is, there exists a neighbourhood of ! Σ on which H t = 0 for every t .
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For any Hamil tonian di" eomorphism #, we deÞne #(#) as the inÞmum of the
norms of the hamilton ian functions whose time one map # 1

H is equal to #. Then
the Hofer distance is the bi-invariant distance deÞned by d(# , $) := #($# ! 1).
The di%cult part is to prove non-degeneracy(see for example [5, 7]). Alternately ,
one will get the same distanceby using the supx,t -norm for H (see [8]).

To get somefeeling about this distance, remember that for any Þxed t, for any
arc $ in ! with end-points x, y, the value of Ht (x) $ Ht (y) is the (algebraic) ßux,
through the arc $, of the divergence-free vector Þeld associated to Ht . Thus a
di" eomorphism is not too far from the identit y with respect to the Hofer distance
if points can be continuously moved to the position prescribed by # so that at
each t ime of the move, the algebraic ßux through any arc is not too big: there
cannot be a big region of points moving too fast in the same direction.

Now a homeomorphism h in any of our three groups is said to be a hameo-
morphism if there exists a continuous isotopy (ht ) from the identit y to h, called
a hamiltonian isotopy, and a sequence(Hi )i " 0 of hamiltonian ti me-dependent
functions on !, such that

1. the sequence(Hi ) is a Cauchy sequence for the Hofer norm (so that it
converges to a function H with

" 1
0 Osc(Ht )dt < + %);

2. the sequence of smooth isotopiesgeneratedby Hi converges to the isotopy
(ht ) for the C0-distance given by d((ht ), (h#

t )) = supt,x dΣ(ht (x), h#
t (x)).

Furth ermore, all isotopiesare required to have a common compact support in the
interior of ! .

Trying to answer question 0 raises furth er questions about the Hofer distance.
In that respect, it is known that the Hofer-diameters of the groups Ham(! ) are
inÞnite. On the disc this is due to the existence of the Calabi invariant3. On the
sphere,this is proved by Polterovich ([8]). On the annulus, Py even shows that
there exists ÒßatÓsubspaces of any dimension ([9], see also below). In spite of
theseresults the global properties of the Hofer distance remains mysterious.

1 Some quest ions

1.1 Topological aspects of H ofer dist ance

Quest ion 1. Can one Þnd h & Homeo(D2, ! D2, " ) such that for any sequence
(# i ) & Ham(D2) converging to h in the C0 topology, the Hofer distance #(# i )
tends to + %?

The same question holds on the sphere or the annulus. In other words, we
would like to Þnd a homeomorphism that is inÞnitely far away from di"e omor-
phisms. A positive answer would at once imply a positive answer to question 0.
The problem is that we know no topological property that is stable and that
givesa big lower bound on Hofer metric. For instance, on the 2-disc, the Calabi
invariant of some hamilton ian di" eomorphism # gives a lower bound on #(#),
but di"e omorphisms with zero Calabi invariant are easily seen to be C0-densein
Di"eo( D2, ! D2, " ). An easier but stil l unsolved problem is the following.

3The Calabi invariant of Φ is defined as the integral over time and space of any hamiltonian
function H whose time one map is Φ; this quantity does not depend on H (see [1], and [3, 4]
for the alternative geometric definition as an average asymptotic linking number).

2



Question 2. For M > 0, deÞnethe set

EM := { # & Ham(D2), #(#) > M } .

Can one prove that for every M > 0, the set EM has non-empty interi or with
respect to the C0 topology?

It is well-known that Hofer distance is not conti nuous in the C0-topology: the
ident it y map can be C0-approximated by a di" eomorphism with arbitrar ily big
Calabi invariant. But it might tur n out to be semi-continuous.

Question 3. Let (# i ) be a sequence in Ham(!) that C0-convergesto Ham(!) .
Does the following inequality hold:

#(#) ' lim inf(#(# i ))?

A positive answer would imply a positiv e answer to question 2.

We next ask the question of the topological invariance of the Hofer distance.

Question 4. Let # 1, # 2 & Ham(D2), let h & Homeo(D2, ! D2, " ), and assume
# 2 = h# 1h! 1. Does the equality #(# 1) = #(# 2) hold?

The semi-continuit y of Hofer distance(question 3) would imply a positive an-
swer: approximate the homeomorphism h by an area preserving di" eomorphism,
use the invariance of Hofer distanceunder conjugacy by such a di"e omorphism,
and conclude by semi-continuit y.

1.2 H ofer dist ance and cur ves

For the next questi on, we turn to the group Ham(A). If x is a Þxed point of
# & Ham(A), the translation number of x is deÞnedasÒthenumber of turns made
by x under an isotopy from the ident it y to #Ó: more precisely, choosean isotopy
(# t ) from the identit y to # among compactly supported homeomorphisms, and
consider the loop t "# %(# t (x)) where %is the projecti on A # S1; then the
translation number of x is the degree of thi s loop. This number does not depend
on the choiceof the isotopy. Alte rnatively, one can take any arc & joining a point
of the boundary of A to x, concatenate #( &) with the arc & with the reverse
orientat ion, and take the degreeof the projecti on of thi s loop on S1.

Now note that the Hofer diameter of Ham(A) is inÞnite. Indeed, consider
# & Ham(A) with the following property: there is a smoothly embedded annulus
A# ( Int( A) = S1 ! (0, 1) of area 1/ 2 all points of which are Þxed under # , with
translation number n. Then the Hofer distance satisÞes#(#) ) n ! area(A#) =
n/ 2. Indeed, let H be a Hamiltonian functi on generati ng an isotopy (# t

H ) from
the identi ty to #. Consider the universal covering ' : #A # A, and let ## be
the lif t of # obtained by lifti ng the isotopy # t

H . Choosea rectangle R made of
n successive copiesof a fundamental domain of A#: the hypothesis on # entails
that R is displaced by ##. By tr uncating the function H * ' near inÞnit y, we get a
compactl y supported Hamilt onian function #H on #A, generating an isotopy (# t

eH
),

satisfying:

1. for every t, Osc( #Ht ) = Osc(Ht ), and in particular || #H || = ||H ||;

2. # 1
eH

= ## on R.
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Thus R is also displaced by # 1
eH

. Now the energy-capacit y inequalit y (applied in

R2 + #A, seefor example [5, 7]) yields

||H || = || #H || ) area(R) = n ! area(A#).

The following question is an attempt to replace the annulus A# by a disc.

Question 5. Let D be a smooth closed disc in A which is non displaceable (that
is, Area(D) > 1/ 2Area(A)). Let n > 0, and # n be a hamiltonian di!e omorphism
of A such that every point of D is a Þxed point of # n with translation number n.

Does the sequence (#(# n)) tends to + %?
Does it holds that (#(# n) ) n ! area(D)?

In casethe answers are negative, one could replacethe disc D with a sequence
Dn whosearea converges to the area of the annulus A. Note that if the disc D
is displaceable, then for every n > 0 there exists # Þxing every points of D
with translation number n, with #(#) ' 2 (choose $ such that $( D) , D = -
with #($) ' 1, and deÞne # = $ #* $ where $ # is a di"eomorphism adequately
conjugate to $ that sends $ (D) to D) .

Coming back to the disc, we consider the set C of smooth loops $ : S1 #
Int( D2) such that $(0) = (0, 0).

D«eÞnit ion 1.1. To each curve $ & C we associate a number (($), called the
Hofer length of $, deÞned by:

(($) := inf
$

||H ||, H & H and . t & [0, 1], # t
H (0) = $(t)

%
.

Here H denotes the space of Hamiltonian loops, that is, smooth functions H :
D2 ! S1 # R generating an isotopy (# t

H ) such that # 1
H = Id.

Note that if we were not restr icti ng to hamilton ian loops, then we would get
(($) = 0 for every $: in other words, every smooth curve can be realised as
the tra jectory of some points under a Hamiltoni an isotopy with arbitr arily small
Hofer length (displacing one point costs nothing). Similarly, every $ & C is the
tra jectory of 0 under a hamilton ian loop (# t

H ) entir ely included in an arbitrar ily
small neighbourhood of the Identit y map for the Hofer distance; but th is does
not imply that the loop is short. Indeed, in the next section we will show that
the function ( is unbounded on C.

Quest ion 6. Evaluate the Hofer length (($) in terms of the ÒgeometryÓof $. Is
it related (equivalent?) to the area surrounded by $?

By the Òarea surroundedÓwe mean either of the following notions. The
algebraic areasurrounded by $ & C is the number deÞnedby the two (coinciding)
formulae !

!
) =

!

D2
deg(x, $)d" (x)

where ) is any one-form such that d) = " , and for every point x that does not
belong to the imageof $, the number deg(x, $) is the number of turns made by $
around x. The absolute areasurrounded by $ is the number

"
D2 |deg(x, $)|d" (x).

(...)4

4(...) Test : n tours d’un disque. Si le disque est déplaçable, borné ? Sinon, on tombe sur la
question précédente ?
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2 H ofer-lo ng closed curv es

2.1 Constructi on

Prop osi tion 2.1. There exist smooth curves $ & C in the unit disc with arbi-
trari ly big Hofer length.

Such a loop wil l be realised as$ : t "# # t
H (0) where # 1

H is a C1 approximation
of a ÒwildÓhameomorphism f .

Proof. Consider f & Homeo(D2, ! D2, " ) with the following properties:

1. the point 0 = (0, 0) is Þxed under f ,

2. near 0 f is a Þbered rotation : it acts on the circle centered at 0 with radius
r as a rotati on of rotati on number #(r ),

3. the function r "# r #(r ) tends to + % whenr tends to 0, and is not integrable.

Lemma. Let (H i ) be a sequence of hamiltonian functions generating isotopies
whose time one maps (# i ) C0-convergesto f .

1. Supposethat for every i , for every t & [0, 1], # t
H i

(0) = 0. Then the sequence
of Hofer lengths (||H i ||) tends to + %.

2. The same conclusion holds if we suppose more generally that the curves
$i : t "# # t

H i
(0) are smooth closed curves whosesequence of Hofer lengths

is bounded.

Let us prove the lemma. For the Þrst item, we see D2 as the unit disc in R2

and extend f by the ident it y outside D2. Consider the universal covering &M of
M = R2 \ { 0} , equipped with the li fted area form. Let #f be the li ft of f |R2\{ 0}
that is the identit y on the li ft of ! D2. Thanks to hypothesis3 on f , we can Þnd a
closed topological disc R in &M , which projects to a small annulus around 0 in D2,
which hasarbit raril y big area in &M , and such that #f (R) , R = - . Since 0 is Þxed
under # t (hypothesisof the Þrst item), wemay lif t the isotopy (# t

H i
) to an isotopy

( ## t
H i

) of &M . The maps (## 1
H i

) C0-convergesto #f uniformly on compact subsets

of &M , so that for i big enough the domain R is sti ll displaced by ## 1
H i

. Using a
variati on of the argument used to show that the Hofer diameter of Ham(A) is
inÞnite (beforequestion 5), we conclude that the Hofer norm ||H i || is arbitrari ly
big.

For the second item, the hypothesis givesus a sequenceof Hamiltonian loops
(K i ) in H with bounded Hofer norms, and such that for every i , # t

K i
(0) = # t

H i
(0).

Let $ i := (# t
K i

)! 1* # t
H i

. This deÞnesa new sequencethat satisÞesthe hypotheses
of the Þrst item, Thus its Hofer norms tends to inÞnit y, and it follows that the
sequence (||H i ||) also tends to inÞnit y. This proves the lemma.

We now tur n to the constructi on of a sequence of loops in D2 with Hofer
lengths tending to inÞnit y. Let f be a hameomorphism satisfying properties 1,2,3
as above: such an f we may obtain by taking any g & Homeo(D2, ! D2, " ) that
satisÞes the same properties and supported on a small disc D #, any hamilto-
nian di"e omorphism h displacing D #, and letti ng f = [g, h] = ghg! 1h! 1. As
the hameomorphisms constit ute a normal subgroup containi ng the hamiltoni an
di" eomorphisms, f is indeeda hameomorphism. In parti cular there exists a se-
quence (Hi ) of hamil tonian functions with bounded Hofer norms such that (# 1

H i
)
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C0-convergesto f . Furth ermore, since (# 1
H i

(0)) tends to 0, one can modify the
sequence Hi , keeping the previous properties, so that $i : t "# # t

H i
(0) is a closed

smooth curve, i. e. it belongs to C.
Altern atively, one can give a more explicit construction. Chooseg which is

smooth except at 0, approximate g by a hamilton ian di"e omorphism gi which
is again a Þbered rotation supported on D #, and is equal to g except on a small
neighbourhood of 0. Now take # t

H i
= [gi , ht ], where ht = # t

L where the hamil-
tonian functi on L t is everywhere zero for t near 0 and 1. Then the Hofer norm
of Hi is less than 2||L || for every i , and furth ermore the curve $i is closed and
smooth (with a stati onary point at t = 0, 1).

If the sequenceof lengths of ($i ) was bounded, then the Hofer norms of (H i )
would tend to inÞnit y (apply item 2 of the lemma). Thus wesee that the sequence
($i ) hasunbounded Hofer length. This completestheproof of theproposit ion.

Note that thesequenceof isotopy (# t
H i

) C0-convergeto the cont inuous isotopy
f t = [g, ht ]. Thus the sequence of curves ($i ) convergesto a continuous curve
$ : t "# f t (0).

2.2 Pict ur e of a Ho fer -l ong cur ve

Figure 1 shows a numerical simulation of the curve $ in the proof of the
proposition, for the homeomorphism g generated by the singular Hamiltoni an
H (%, r ) = 2' r ( 1

r 2 $ 1). The map g is a Þbered rotation, and rotation number on
the circle of radius r is #(r ) = 1

r 2 $ 1. More explicitely, the curve $ is given by the
formula $(t) = ght g! 1h! t (0), where ht (x, y) = (x + t, y). The curve is smooth
except at the (inÞnitely many) valuesof the parameter t = 1$

n , n = . . . , 3, 2, 1 for
which $(t) = 0. Between two such successive values, $(t) runs on a simple closed
curve wit h a single non-smooth point (an inÞnitely twisted circle).

The Þrst pictur e gives the last loop of the curve, corresponding to t & [ 1$
2
, 1]

(th e part near 0 is missing, the whole central disc should be black). The second
Þgure depicts the whole curve (here the segments near 0 are of course artefacts
of the numerical computation ).

Note that here the support of f exceeds the unit disc (g should Þrst be tru n-
cated, but thi s would not change the general aspect of the pictur e). Also note
that g can be approximated by a di" eomorphism that coincideswith it except
on somesmall neighbourhood of 0 ; th is gives a smooth approximation $i of the
curve $ that coincides with it except on a small neighbourhood of 0, and with
arbitrar ily big Hofer length.

An animation displaying the image of a segment of the x-axis under the
isotopy can be found on my webpage5. It shows that points move very fast
(which is unavoidable for an isotopy from the identit y to f , sinceat time one lots
of couples of points wil l have made lots of turn s around each other) but with no
big region having fast coherent behaviour, as is necessary for a C0-hamilton ian
isotopy as deÞned by M¬uller and Oh.

3 Tw o more remarks

As a conclusion, let us mention two variati onson M¬uller-Oh deÞnition of hameo-
morphisms of D2. First, one can require that the funct ion Hi,t has zero mean for

5http://www.math.u-psud.fr/ ! leroux/
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Figure 1: Moti on of onepoint under a C0-hamilton ian isotopy, joining the ident it y
to the hameomorphism f
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every i and t. Thus one gets a normal subgroup of Homeo(D2, ! D2, " ) which is
a subgroup of Hameo (heuristically , this should be the subgroup of hameomor-
phisms wit h vanishing Calabi invariant).

The second variation consists in adding the conditi on # t
H i

(0) = 0 for every
i, t. Thus we get a group of homeomorphisms which is normal in the subgroup of
elements of Homeo(D2, ! D2, " ) Þxing 0. By ident ifyi ng homeomorphisms which
coincide near 0, one gets a normal subgroup of the group of germs of area and
orientati on preserving homeomorphisms of the plane. In th is context it can be
proved that th is is a proper subgroup (the argument amounts to item 1 of the
above lemma). Of course, th is is not the easiest way to prove that th is group is
not simple (consider the subgroup of elements whoseÞxed point set has density
one near 0).
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[4] Gambaudo, J.-M. et Ghys, E. Enlacements asymptoti ques. Topology 36
(1997), no. 6, 1355-1379.

[5] Hofer et E. Zehnder Symplectic Invariants and Hamiltonian Dynamics.
Birkh ¬auser, 1994.

[6] Oh, Y.-G. and M¬uller, S. The group of hamiltonian homeomorphisms and
C0-symplectic topology. arXi v:math/0402210, 2004-2006.

[7] Polterovich, L. The Geometry of the Group of Symplectic Di!e omorphisms.
Birkh ¬auser, 2001.

[8] Polterovich, L. HoferÕs diameter and Lagrangian intersections International
Mathematics Research Notices(1998), Issue 4, Pages 217-223.

[9] Py, P. Quelquesplats pour la m«etrique de Hofer. Prepublication, avril 2007.

8


