Frobenius theorem for foliations
on singular varieties

by D. Cerveau & A. Lins Neto*

Abstract. We generalize Frobenius singular theorem due to Malgrange, for a large
class of codimension one holomorphic foliations on singular analytic subsets of CN. As a
consequence we obtain the following : let M be a smooth complete intersection sub-variety
of PV, where dim(M) > 3. Then the singular set of any codimension one foliation on M
has at least one component of codimension two.
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1. INTRODUCTION AND STATEMENT OF RESULTS

In 1976 B. Malgrange proved the following result (cf. [M]) :
Malgrange’s Theorem. Let w be a germ at 0 € CV of a holomorphic integrable
1-form. Suppose that the singular set of w has complex codimension greater than
or equal to three. Then there exist germs of holomorphic functions f and g, where
9(0) #£ 0, such that w = g.df .

In other words, if we take representatives of the germs w and f in a neighborhood
U of 0 € CV, then f is a first integral of the codimension one foliation on U defined
by the differential equation w = 0. In this paper we generalize this result, in certain
cases, for germs of foliations in a germ of an analytic subset of CV. Before stating
our main result, we need a definition.

Let X be a germ at 0 € CV of an irreducible analytic set of complex dimension
n > 2, with singular set sing(X). Let X* = X \ sing(X). Consider an open
neighborhood B of 0 € CV such that X, sing(X) and X* have representatives,
which will be denoted by Xpg, sing(Xp) and X3, := Xp \ sing(Xp), respectively.
If B is small enough then X} is a smooth connected manifold of complex dimension
n. In this case, we define a singular complex codimension one foliation F on Xj
as usual (cf. [LN-BS]). By taking the inverse limit lim F|p, we define the germ of

B

the foliation F on X™*.

1This research was partially supported by Pronex.
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The singular set of a foliation F on a complex manifold M will be denoted by
sing(F). We observe that it is always possible to suppose that codys (sing(F)) > 2,
in the sense that there exists a foliation G on M such that cody(sing(G)) > 2 and
G =F on M\ sing(F) (cf. [LN-BS]).

For example, let w be a germ at 0 € CV of holomorphic 1-form such that w|x« # 0
and wAdw|x+ = 0. If codx~(sing(w|x~)) > 2 then it defines a germ of codimension
one foliation on X*. This germ will be denoted by F,. If codx~(sing(w|x~)) >
1 then there exists a germ of foliation F, with codx+(sing(F)) > 2, such that
F|x\sing(w) coincides with the foliation induced by w on X*\ sing(w) (cf. [LN-
BS]). We would like to observe that, in general the foliation F cannot be defined
by a global 1-form. This is the case of example 1.1 after the statement of the main
theorem.

Definition 1.1. Let X be an irreducible germ of analytic set at 0 € CV with
dimension n < N. We say that X is k-regular, 0 < k& < n, if there exists a
neighborhood U of 0 € C¥ and representatives Xy, sing(Xy) and X}, of X,
sing(X) and X*, respectively, such that : For any germ of holomorphic k-form 7
on X} there exists a holomorphic k-form 6 on U such that 6| Xz =1

Main Theorem. Let X be a germ of irreducible analytic set at 0 € CV, of
dimension n, 3 < n < N, and F be a germ of holomorphic codimension one
foliation on X*. Suppose that :

(a) HY(X*,0) =0.

(b) X is k-regular for k =0,1.

(¢) F is defined by a holomorphic (germ of) 1-form w on X* such that

codx~(sing(w)) > 3.

(d) dim(sing(X)) < dim(X) — 3.
Then there exist germs of analytic functions f and g at 0 € CN such that g(0) # 0
and w = g.df|x~. In other words, f|x~ is a first integral of F.

In the appendix, we will see that hypothesis (a) and (b) of the main theorem
are fulfilled when X is a complete intersection and dimg(sing(X)) < dimc(X) — 3.
This implies the following :

Corollary 1. Let X be a germ of irreducible analytic set at 0 € CV, of dimension
3<n < N, and F be a germ of holomorphic codimension one foliation on X*.
Suppose that :

(a) X is a complete intersection.

(b) dimc(sing(X)) < dim(X) — 3.

(¢) F is defined by a holomorphic (germ of) 1-form w on X* such that

codx~(sing(w)) > 3.

Then F has a holomorphic first integral.

Another fact that will proved in the appendix is that when X is a com-
plete intersection with an isolated singularity at 0 € CV and dim(X) > 4 then
H'(X* O*) = 1. This implies hypothesis (c) of the main theorem and we get the
following consequence :

Corollary 2. Let X be a germ of irreducible analytic set at 0 € CV, of dimension
4 < n <N, and F be a germ of holomorphic codimension one foliation on X*.
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Suppose that X is a complete intersection with an isolated singularity at 0 € CN
and that codx~(sing(F)) > 3. Then F has a holomorphic first integral.

As an application, we obtain a generalization of a result due to F. Touzet (private
communication) : if n > 3 and M™ is a smooth hypersurface of P**! then there is
no non-singular holomorphic codimension one foliation on M.

Corollary 3. Let M™ be a smooth algebraic submanifold of PV with dimension
n >3 and G be a codimension one holomorphic foliation on M. If M is a complete
intersection then sing(G) has at least one component of codimension two in M.

The proof can be done as follows : let X C CN*! be the cone over M and
m: CN+1 — PN be the natural projection. Note that X is a complete intersection
of dimension > 4. Suppose by contradiction that M admits a foliation F such
that cod(sing(F)) > 3. Consider the foliation G = 7*(F) on X*. Its singular
set has codimension > 3 and dim(X) > 4, and so by corollary 2 it has a non-
constant holomorphic first integral. In particular, it has a finite number of leaves
accumulating at the origin. On the other hand, all leaves of G must accumulate at
the origin, because G = 7*(F), a contradicition.

We observe that corollary 3 was already known for M = P" n > 3 (cf. [LN]).
It was used in [LN] to prove that codimension one foliations on P", n > 3, have no
non trivial minimal sets.

Example 1.1. An ezample without holomorphic first integral. Let X be the quadric
in C* given as

X ={(z,y,2,t); xy =2t} .
In this case, sing(X) = {0} and X* = X\ {0}. Let IT: C*\ {0} — P?3 be the natural
projection. It is known that II(X*) ~ P! x P!. Moreover,  := II|%: X* — P! x P!
is a submersion. Let G be the non-singular foliation on P! x P! whose leaves are
the rules P! x {pt}. Then F := 7*(G) is a non-singular codimension one foliation
on X*. Note that any leaf of F is a 2-plane passing through 0. This implies that
the germ of F at 0 € X has no holomorphic first integral, because a foliation with
a holomorphic first integral has only a finite number of leaves through 0 € X.
We would like to remark that X satisfies hypothesis (a), (b) and (d) of the main
theorem (see the apendix), but F do not satisfy (c) : it cannot be defined by a
global 1-form on X*. In fact, F has the merophorphic first integral z/x = y/t on
X*. In this way, F can be defined in the set Uy = {(x,y,2,t) € X*; 2 # Oorx # 0}
by the 1-form w; = zdx — x dz and in the set Uz = {(x,y,2,t); y # 0ort # 0} by
the 1-form w; = tdy — y dt. In the intersection U; NUs we have w; = g12.w2, where
g1z = 2?[t* = 2% [y
Example 1.2. An ezample in which the conclusion of the main theorem is true,
but which do not satisfy hypothesis (b). Let ¢: C3 — C° be defined by

¢(I, y7 Z) = (I2, y2, 227 xy? &€ Z, yz, IS? y37 23) *
As the reader can check, ¢|cs\(oy: C*\ {0} — C?\ {0} is an immersion. Therefore,
X := ¢(C?) has an isolated singularity at 0 € C° and X* = X \ {0}. Since X* is
biholomorphic to C? \ {0}, we have H'(X*, O) = 0 and H!(X*,O*) = 1. Hence,
X satisfies hypothesis (a) and (d) of the main theorem. If F is a foliation on X*

then it is defined by a holomorphic 1-form on X* and the conclusion of the main
theorem is true : if F has no singularities on X* then it has a holomorphic first
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integral, by Malgrange’s theorem. However, X do not satisfy hypothesis (b) of the
main theorem : the function f € O(X*) defined by f = xo0¢~!: X* — C has no
holomorphic extension to a neighborhood of 0 € C.

Example 1.3. An example of singular variety which is not a complete intersection
and which admits foliations without meromorphic first integral. Let T C P™ be a
complex tori of dimension > 2 and G be a codimension one foliation on T without
singularities and with dense leaves. Let m: C"*1\ {0} — P" be the natural pro-
jection. Set X* = 7= }(T) and F = 7*(G). In this case, X = X* U {0} has an
isolated singularity at 0 € C"*!. Each leaf of F is dense in X*, and so it has no
meromorphic first integral.

Let us state some problems which arise naturally from the above results and
examples. The first one concerns the quadric of example 1.1.

Problem 1. Let X be the quadric (ry — 2t =0) C C* and G be a germ at 0 € C*
of non-singular codimension one foliation on X*. Suppose that G is not defined by
a holomorphic 1-form as in (c) of the main theorem. Does there exists a germ of
automorphism ¢: (X,0) — (X, 0) such that G = ¢*(F), where F is the foliation of
example 1.1 7

Example 1.2 motivates the following :

Problem 2. Can we substitute hypothesis (b) of the main theorem by another
more general, in such a way that the result applies in the case of example 1.2 7

As mentioned before the fact that the singular set of a codimension one foliation
F on P", n > 3, has at least one codimension two irreducible component was used
in [LN] to prove that F has no non-trivial minimal set. Corollary 3 motivates the
following :

Problem 3. Let M C PV be a smooth complete intersection of dimension n > 3. Is
it possible that M admits a codimension one foliation F with a non-trivial minimal
set 7

This work will be organized as follows. In §2 we will state some basic results
that will be used in the proof of the main theorem, specially the construction
of the Godbillon-Vey sequence associated to an integrable 1-form w such that
cod(sing(w)) > 3. The main theorem will be proved in §3.

We would like to mention that the problem of extending Malgrange’s theorem
for singular germs was posed to us by R. Moussu. He told us that the problem
was posed to him by H. Hauser. We would like to acknowledge them, specialy H.
Hauser for his comments and also A. Dimca for some helpfull suggestions.

2. BASIC RESULTS

2.1. Godbillon-Vey sequences. One of the tools that will be used in the proof
of the main theorem is the so called ”Godbillon-Vey sequence” associated to a
foliation (cf. [Go]). Let M be a holomorphic manifold of dimension n > 2 and w
be a holomorphic integrable 1-form on M.

Definition 2.1. A holomorphic Godbillon-Vey sequence (briefly h.g.v.s.) for w, is
a sequence (wg)g>o of holomorphic 1-forms on M such that wy = w and the formal



1-form © on (C,0) x M defined by the power series
3=0

is formally integrable, that is
QAdQ2=0

It is not dificult to prove that the above relation is equivalent to

k
(1) dwi, = wo /\wk+1+z (l;) wj N Wkt1—5 Vk>0.
j=1

By using (1), it can be proved by induction on k > 0, that a sufficient condition
for the existence of a h.g.v.s. for w is that it satisfies the 2-division property, which
is defined below :
(-division property (briefly /-d.p.). We say that w € Q(M) satisfies the (-d.p.,
if for any © € Qf(M) such that w A © = 0 then there exists a n € Q~1(M) such
that © = w A n (cf. [M] and [Mo]).

For instance, if w satisfies the 2-d.p., the first three steps of the h.g.v.s. can be
obtained as follows

woNdwy =0 = dwy = woAw1 = dwoAwi—woANdwy =0 = wWoAdw; =0 =

— dwl =woNwy = dWQ/\LUQ—wO/\dWQZO — WO/\(dWQ—wl/\LUQ) —
2 2
— dWQZWQ/\W3+wl/\WQ:(UQ/\W3+(1)wl/\WQ+(2)(4}2/\(411 = ...

Remark 2.1.1. If codps(sing(w)) > 2 then w satisifies the 1-d.p., that is, if © €
QY(M) is such that w A © = 0 then there exists g € O(M) such that © = g.w.

In the next result we give a sufficient condition for w to satisfy the 2-d.p..

Lemma 2.1.1. Let M be a complex manifold of dimension n > 3 and w be a
holomorphic 1-form on M. Assume that codys(sing(w)) > 3 and H'(M,0) = 0.
Then w satisfies the 2-division property.

Proof. Let © € Q?(M) be such that © A w = 0. Since cody(sing(w)) > 3, the
2-d.p. is true locally on M (cf. [M]). It follows that there exists a Leray covering
U = (Uj)jes of M and a collection (n;),e.s, n; € Q' (U;), such that Oy, = n; Awly,,
for all j € J. If U;j :=U; NU; # 0, then

(j —mi) Awlo, =0 = n; —mi = gij -wlu,,;
where g;; € O(Ui;). Note that the collection (gi;)u,,2¢p can be considered as an
additive cocycle in C1 (U, ©). Since H'(M, Q) = 0, there exists (f;);jes € C°U,O)

such that g;; = f; — fi; on U;; # 0. Hence there exists n € Q!'(M) such that
N, :==nj — fj.w|y;. This form satisfies © =n A w. d

As a consequence of lemma 2.1.1, we have the following germified version :

Corollary 2.1. Let X be a germ of an irreducible analytic set at 0 € CV, of
dimension n, 3 < n < N, and w be a germ of integrable 1-form on X* such that
codx~(sing(w)) > 3. If HY(X*,O) = 0 then there exists a h.g.v.s. (Wk)k>0 for w.
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2.2. Resolution of X and h.g.v.s. Let B C CV, X, sing(X), X* and the h.g.v.s.
(wj)j>0 of wy = w be as in section 2.1. In this section we will suppose that X is
0 and 1-regular. In particular, we can take the ball B in such a way that, for any
j > 0 there exists a holomorphic 1-form n; on B such that 7;|x+ = w;.

Consider a resolution of (B, X) by blowing-ups IT: B — B (cf. [A-H-V]). The
complex manifold B and the holomorphic map II are obtained in such a way that :
(A). The strict transform X of X by IT is a connected smooth complex submanifold
of B of complex dimension n = dim(X). Set 7 :=1|g: X — X.

(B). E := II"!(sing(X)) N X is a connected codimension one analytic subset of
X. Moreover, E is a normal crossing sub-variety of X, which means that for any
p € E there exists a neighborhood V of p in X such that V N E is bimeromorphic
to an union of at most n pieces of (n — 1)-planes in general position.

(C). The maps |5, B\ E — B\ sing(X) and T\ pt X\ E — X* are bimero-
morphisms.

Let X* := 7 1(X*) = X\ E. If we set 7j; := II*(1;), j > 0, then 7; € Q*(B) and
M| g~ = 7" (w;), so that 7*(w;) can be extended to a holomorphic 1-form @; := 7;| ¢
on X, for all j > 0. Set @ = @g.

We can assume that the blowing-up process begins by a blowing-up at 0 € CV.
In this case, II71(0) has codimension one in B. This implies that :

(D). The analytic set D := II"1(0) N X C E has codimension one in X, is a
normal crossing codimension one sub-variety of X and is connected (because X is
irreducible).

Remark 2.2.1. The sequence (@;);>0 is a h.g.v.s. for @ = &p.

Lemma 2.2.1. For any k > 0 we have &i|p = 0, where a|p = i}, () andip : D —
X is the inclusion.

Proof. Let p be a smooth point of D. Since dim(D) = n —1 = dim(X) — 1,
we can find a local coordinate system [U, (u, z,v) € C*~! x C x C¥~"] such that
UNX=(w=0)and UND = (z=0)N (v =0). In this coordinate system we can
write |y = (X1, ..., Xn), where X;: U — C and X;(u,0,0) = 0. This implies that
N—n
X(u,z,v) = z.A;(u, z,v) + Z v;.Bij(u, z,v) .
i=1
It follows that
N—n
H*(dIJ> = AJdZ + ZdAJ + Z Bijdvi + Ui.dBij - H*(de”DmU =0.
i=1
Hence, LDk|DﬂU = II* (nk)|DﬁU =0. O

Remark 2.2.2. Note that the foliation 7*(F,,), which in principle is defined only
on X* can be extended to the foliation F; on X. As observed before, F is not
defined by a global 1-form in general.

Lemma 2.2.2. Any irreducible component of D is invariant for the strict transform

F.

Proof. Let p be a smooth point of D and [U, (u,z,v) € C"1 x C x CVN7"] be a
coordinate system around p as in the proof of lemma 2.2.1. We can write @| g, =
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2t.wy, where wy € QY(X NU) is integrable, £ > 0 and cod(sing(wy)) > 2. The
foliation F is defined on X N U by the form wy. If £ = 0 then the result follows
from lemma 2.2.1. If £ > 1, then it follows from do = @ A @1 that

02V dz ANwy + 2 dwy = Zfop Ao = dz Awy = 2.0,

where 0 = (7Y (wy A &1 — dwy) € Q*(U). This implies that (z = 0) = DNU is

invariant for F. O

3. PROOF OF THE MAIN THEOREM

3.1. Formal first integrals in the resolution. Let IT: (B, X) — (B, X) be a
resolution of X, satisfying properties (A), (B), (C) and (D) of the last section.
Consider also the h.g.v.s. (Wg)r>0 of @ and the formal integrable 1-form

~

~ O 4
(2) Q=dt+o+) =&
j=1 "

<

Recall that @;|p = 0, where D = X N I1-'(0). By doing more blowing-ups along
the normal crossings of E = II"!(sing(X)) N X, we can assume that
(E). All irreducible components of E are smooth. In particular, all irreducible
components of D are smooth.

The aim of this section is to prove that F has a ”formal” first integral. This
formal first integral will be a global section of the formal (or m-adic) completion of
X along D (cf. [B-S] and [Mi]).

Definition 3.1. Let M be a complex manifold and Y C M be an analytic subset
of M. Let T C Ojs be the sheaf of ideals defining Y. The formal completion of
On in Y, denoted by Oy (see [B-S]), is the sheaf of ideals defined by

Oy = (tim On/T")ly

Similarly, when M is a sheaf of Op;/-modules, we define

My = (lim M/T" M)y

Note that Q’; is a sheaf of modules over Oy. A global section of Oy (resp. Qf,)
will be called a formal function (resp. k-form) along Y.

Remark 3.1.1. Since Oy ~ (Op/Z)|y, we have a natural projection Oy — Oy,
called the restriction to Y. Given a formal function f along Y we will use the

notation r(f) = f|y Note that, if Y is compact and connected then f|y is a
constant.

Notation. Let A be an integral domain and & > 1. We use the notation
Al[z]] :== Al[z1, ..., zx]] for the set of complex formal power series F' in k variables
with coefficients in A of the form :

F=Zagz‘7, as €A,
g
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where z = (21,...,2;), 0 = (01,...,0k), 05 2 0,1 < j <k, and 27 = 27"..2/".
Remark that A[[z]] is also an integral domain, with the operations of sum and
multiplication of formal power series.

Suppose that Y is a codimension k& smooth submanifold of M and dimc(M) =
n > k+1. Let [W,(u,z) € C" % x C¥] be a holomorphic coordinate system such
that U := Y NW = (z = 0) is non-empty and connected. We have the following
interpretation for a formal function along U C Y, say f : f |y can be thought as a
formal power series in O(U)[[2]] of the form S = f(u,z) = 3, fu.o(u) 27, where
fu.e € OU) for all o.

Notation. Given a coordinate system [W, (u,2)], U =Y NW = (z = 0) and the
series S, as above, we will call S a representative of f over U.

Note that, fly = f(u,0) = fup(u) € OU), where 0 = (0,...,0) € ZF. If
Yo fuo(u) 27 € O(U){z}, that is the series converges, then it represents a holo-
morphic function in a neighborhood of U in M. In this case, we will say that f
converges over U.

Similarly, if 7 is a formal 1-form along Y, then

n—=k
Zgjduj—i—Zh dzl,gj,h e O)=]] , Vi,5 .
Jj=1 =1

Observe that € can be thought as a formal 1-form (on X x C) along X x {0}.
The aim of this section is to prove the following :

Theorem 3.1. There exist formal functions f and § along D C X such that
w=g. df, dlp =1 and f|D = 0. In particular, f is a formal first integral of F.

Proof. Let D = U’_; D; be the decomposition of D into smooth irreducible com-
ponents. Fix an irreducible component D; and a coordinate system of X, say
(W, (u,z) € C"! x C] such that U := D, N W = (2 = 0), is connected and non-
empty.
Lemma 3.1.1. Let h(t) = > ;5 a; t7 € C[[t] \ {0}. Then there exists a unique
formal power series F* € (’)( Nz, t]],
(u,2,t) Z fij(u) 247

1,720
such that F'.Q = dF" and F"(u,0,t) = h(t). In particular, F" is a formal first
integral of §2.
Proof. Recall that &x|p = 0 for all j > 0. This implies that @y can be written in
the coordinate system [W, (u, z)] as

n—1

O = Ag(u,z)dz + Z 2.Byi(u, 2) du; |

i=1
where Ay, Br; € O(W). In a neighborhood Wi = U X (|z| < €) of U in W, we
can represent the Ay/s and Byys by power series in O(U){z}. By doing that and
adding the forms Z—k,&k to obtain €, it is not difficult to see that we can write :

n—1
Q=dt+ G(u,z,t)dz + Z z.H;(u, z,t) du; ,

=1



where G, H; € O(U)][z,1]]. Note that F;.Q = dF is equivalent to

(3) F,=G.F,and F,, =z.H;.F, ,i=1,.,n—1.

Uniqueness. Suppose that F(u,z,t) = >, .5, fij(u) 2*.t is a solution of the
problem. If we set fi(u,t) = >, fij(u) t/ € OU)[[t]], then we can write F as
an element of (O(U)[[t]])[[2]] : F(u,z,t) = >, fi(u,t)2*. Note that fo(u,t) =
F(u,0,t) = h(t). Similarly, we can write G(u,2,t) =Y, gi(u,t) 2*. Therefore, the
first relation in (3), F, = G.F}, gives
(4) (k+1).fea1(u,t) = Z gj(u,t).%/; (u,t) , k>0,

it+j=k

where %J;i (u,t) =232, (G + 1) fijra(u) t € O(U)[[t]]. This, of course, implies that F'
is unique. Note that (4) implies that, if K € O(U)[[z, t]] satisfies K, = G.K; and
K(u,0,t) =0 then K =0.

Existence. Relation (4) allows us to find, by induction on k > 0, the coefficients
fi € O(U)[[t]] of F € (O)[[tIDI[=]] = OU)][z,¢]] in such a way that F, = G.F,.

It remains to prove that F' satisfies the others relations in (3). Let © := F;.0).
Remark that © is integrable. On the other hand, we can write

©=Fu.dt+F.Gdz+ Y  zF.Hdu =dF +>»  K;du,
where K; = z.H;.F,—F,,. We want to prove that K; =0 foralli=1,...,n—1. The

reader can check that the coefficient of dz A dt A du; in © AdO is F,.K;; — F;. K.
Since © A dO = 0, we get

0=F, Ky — F.K;, =F; (GKlt — Kiz) =0 = K;, = GKlt R
because F;y #Z 0. On the other hand, we have

0 _on)
 Quy (F(u,0,8)) = = Ou;

This implies that K; = 0. (|

K;(u,0,t) = —F,,(u,0,t) = =0.

Notations. Set Y; = Dy x {0} C X xC,1<¢<r. We will denote by Fy the
solution given by lemma 3.1.1, for which Fyy(u, 0,t) = t. Note that Fy € I'(U, Oy,).

Let {[W;, (uj, 2;)]} jes be a collection of coordinate systems on X such that for
all U; .= W; N Dy = (z; = 0) # 0 is connected and Uje; U; = D,. We will set
Uij =U;N Uj.

Corollary 3.1. If Uy # 0 then the sections Fy, and Fy, coincide over Ui;. In

particular, there exist formal functions Fg and él along Yy such that 0= ég.dﬁ'g,
Culv, =1 and Fly, =0, 1< (< r

Proof. The fact that Fy, and Fy,; coincide over U;; follows from the uniqueness in
lemma 3.1.1. We leave the details of its proof for the reader. It implies that there
exists Fy € OYe such that Fg|U]. = Iy, for all j € J. Recall that the formal power
series Iy, satisfies

OFy, -
UG —dFy, .
ot Ui
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Since FU (u,0,t) =t we get (u 0,t) = 1, and so aat (u,0,0) = 1. Tt follows

that 222 is an unit of the ring O(Uj)[[2,t]]. Therefore we can define Gy, :=

at
(ag[tj )=t € OU;)[[z1]], so that Q = Gy, .dFy, for all j € J. Of course, the first

part of the lemma implies that the sections Gy, and Gy, coincide over Us; # ().
Hence, there exists Gy € I'(Ye, Oy ) such that Q = Gy.dFy. O

Recall that @ = §~2|(t:0). If we set f; := F‘g|(t:0) and gy := Ggl(t:()), then
Corollary 3.1 implies the following :

Remark 3.1.2. For all ¢ € {1,...,r} there exist fz,gg € Op, such that w = gz.df},
fg|D£ =0 and g¢|p, = 1. In particular, fg is a formal first integral of F along Dy.

Now we consider a point p € sing(D) which is a normal crossing of two irreducible
components of D, say D,, and D,, m # n. In this case, we can find a local
coordinate system around p, [W, (u, zm, z,) € C"2 x C?], such that u(p) = 0 €
C" 2, zim(p) = 2n(p) =0 € C, Upp, := (2m = 2, = 0) and U; := D;NW = (z; = 0)
are connected, for j = m,n.

With the above conventions, we can consider, in a natural way, O(Up,)[[2n, )]
and O(Up)[[zm,t]] as sub-rings of O(Umn)[[2m, 2n,t]]. Let Fp(u, 2m, 2n,t) =
Fu, (U, 2m, 2n,t) € OUn)[[2n,t]] and Fyn(u, 2m, 2n,t) = Fu, (U, 2m, 2n,t) €
O(U,)[[#m,t]] be as in corollary 3.1. As the reader can check, the uniqueness
in lemma 3.1.1 implies the following :

Remark 3.1.3. The formal power series F,, and F), coincide, when we consider
them as elements of O(Unn)[[2m, 2n,t]]. In particular, there exists a formal function
along Y, UY,, say an, such that an coincides with F over Y,, and with F
over Y.

Let us finish the proof of theorem 3.1. Remark 3.1.3 implies that there exist
a formal function along D x {0} C X x C, say F, such that F' coincides with Fy
over Yy, for all £ € {1,...,7}. On the other hand, we have seen in corollary 3.1 that
Q= Gy.dFy over Yy, where Gy = (9Fy/0t)~", for all . This implies that Q@ = G.dF,
where G = (9F/dt)~!. Note that, by construction, we have G|DX{0} 1 and
F|DX{0} =0. If we set f := F| t—0y and g := G| ¢=0), then we get @ = g.df, as in
remark 3.1.2. This finishes the proof of theorem 3 1. O

3.2. Convergence of formal first integrals. Let f and g be as in theorem 3.1,
sothat @ = gdf, flp = 0 and §|p = 1. The aim of this section is to give conditions
for the convergence of f and g.

Let h be a formal function along D C X. Given p € Dy, 1 </ <, consider a
representative h(u, z) = >0 hi(w) 21 € OU)[[2]] of h over U, where p € U C Dy.
We say that h converges over U, if for every u € U the series Zj>0 hi(u) 2 €
C[[z]] converges. In this case, the power series defines a holomorphic function on a
neighborhood of U in X. Conversely, a holomorphic function in a neighborhood of
U in X can be expanded as a power series in O(U)[[2]] and defines a section of Op
over U. This implies that the definition is independent of the coordinate system
used to express the power series.
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We say that h converges, if for any p € D and any irreducible component Dy of
D such that p € Dy, there exist a neighborhood U of p in D, and a representative
of h over U that converges. After this discussion, we have the following :

Remark 3.2.1. If I converges then there exists a holomorphic function & on a
neighborhood of D in X such that the section defined by h on I'(D, Op) coincides
with .

Given p € D, we will denote by Op (resp. O,) the ring of formal functions
along {p} C X (resp. germs at p of holomorphic functions on X). Recall that
Op and O, are Noetherian rings. Note that, given a formal function h along D,
p € D and a formal power series that represents h over some neighborhood of p
in D, say fz(u, z) = Ej h;(u) 27, then it can expanded as a formal power series in
(u — u(p), z), so defining an element h, € O,. We will call h, the germ of h at p.

Lemma 3.2.1. Letf be the formal first integral of F given by theorem 3.1. Suppose
that there is p € D such that the germ f, € O, converges. Then f converges.

Proof. Let A = {q € D| the germ fq converges } # (). We will prove that A is
open and closed in D. Since D is connected, this will imply that A = D and the
lemma.

I. A is open in D. Let ¢ € A. Suppose that ¢ € Dy, 1 < ¢ < r. Since fq
converges, we can find a coordinate system [W, (u, z)] such that u(q) =0 € C*~1,
2(q) =0€ C, g e WNDy, = (z=0) is connected and fq can be represented by
a convergent series f(u,z) = Yoo G0 u’.27. Suppose that the series converges in
the set V' := {(u, z) | max(||u||,|2]) < p} € W. In this case, for all j > 1, the series
fi(u) = >, aoju’ converges in the set U := {(u,0)|||u|| < p} C D;. Hence,
the series f(u,z) = > fi(w) 2 € OU){z}, so that f converges over U and f,
converges for every x € U. This implies that A is open in Dy. Since the argument
is true for every ¢ such that q € Dy, it follows that A is open in D.

IL. If AND; # 0 then A D Dy. Since cod ¢ (sing(F)) > 2, we get codp, (sing(F)) >

1. It follows that the set By = D, \ sing(F) is open, connected and dense in Dy.
Claim 3.2.1. If By is as above then A D By.

Proof. First of all, AN By is a non-empty open subset of Dy, because By is open and
dense in Dy. Fix q € By. Since q ¢ sing(F) and Dy is invariant for F (lemma 2.2.2),
we can find a coordinate system [W, (u, z)] such that ¢ € U := W N Dy = (z = 0)
is connected and .7:'|W is defined by dz = 0. It follows that df Adz = 0, and so
f can be represented over U by a power series of the form doieo a2 € C[2]].
This implies that : ANU #0 <= A D U. Hence, AN By is closed in By and
A D By. O

Now, fix ¢ € sing(F) N Dy and let us prove that ¢ € A. At this point, we will
use the following result (cf. [M-M]) :

Theorem 3.1. Let n be a germ of holomorphic integrable 1-form at 0 € C™, with
1(0) = 0 and codcn (sing(n)) > 2. If n has a non-constant formal first integral then
1 has a non-constant holomorphic first integral. Moreover, the holomorphic first
integral, say g € Oy, can be choosen in such a way that g(0) = 0 and it is not a
power in Oy, that is g # g%, £ > 2. In this case, any formal first integral f of 0 is
of the form f = (og, where ¢ € C|[[t]] (power series in one variable).
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Theorem 3.1 is consequence of Theorem A, page 472 in [M-M]. Given ¢ € Dy N
sing(F), write the germ of & at q as : @, = k.9, where k € O, 1 is integrable and
cod(sing(n)) > 2. The germ fq is a non-constant formal first integral of 7. Hence,
by theorem 3.1, F has a non-constant holomorphic first integral, say gq € Oy, with
94(0) = 0, and such that f, = ¢ o g,, where ¢ € C[[t]]. Note that ¢(0) = 0, because
9q(q) = fo(q) = 0. Since Dy is invariant for F we must have 94D, , = 0, where
Dy 4 denotes the germ of Dy at q.

Consider a representative g of g, in some polydisk A around ¢g. Note that
glanp, = 0. The polydisk A is given in some coordinate [A, (u,2)] as (||u]] <
6 |z| <€) and U := AAﬂ Dy = (2=0). Let f(u,z) =3 ;5 fj(u) 2 e OU)[[7]]
be a representative of f over U. We can also consider g € O(A) as an element of
O(U)|[[z]]. Since gly = 0, we can compose the series ¢ € C[[t]] and g € O(U)][#]],
so that we can consider ¢ o g € O(U)[[z]]. Note that ¢ o g € O(U)[[z] and f
coincide as elements of O(U)[[z]], because fq = (ogq Since ByNU # 0 and
A D By, there exists (u,,0) € U such that the power series f(uo, z) is convergent.
It follows that the series ¢ € C[[f]] is convergent, because g(uo, 2), f (1o, z) € C{z}
and ¢ o g(ug, 2) = f(uo, z). Hence, f € O(U){z}, which implies that ¢ € A.

Note, that IT implies that A is the union of irreducible components of D, and so
it is closed in D. This finishes the proof of lemma 3.2.1. O

Corollary 3.2. Under the hypothesis of lemma 3.2.1, G converges. Moreover, there
exist a ball By C B around 0 € CN and f,g € O(B1) such that f(0) =0, g(0) =1
and w = g.df on X*N Bj.

Proof. Fix ¢ € D. Since df converges and Wy = gq.dfq € Q}I, it follows that

Jq € O4. This implies that § converges. Therefore, we can consider f and § as
holomorphic functions defined in a neighborhood V of Din X. We can suppose that
V =77Y(B; N X), where B; C B is a ball around 0 € CV. Since 7: X \ B — X*
is a biholomorphism, these functions induce holomorphic functions f1,g1 € O(V*),
satisfying w|y+ = g1.df1, where V* = n(V \ E). Now, fi and g; can be extended
to holomorphic functions f, g € O(By), because X is 0-regular, and this proves the
corollary. O

3.3. End of the proof of the main theorem. The idea is to prove that there
exists ¢ € C[[t]] such that ( o f converges. This composition makes sense because
flp = 0. The next result imples the main theorem :

Proposition 3.1. There exists ¢ € C[[t]] such that ¢(0) =0, ¢'(0) =1 and Co f
converges. In particular, there exist holomorphic functions fi=Co f and g defined
in a neighborhood of D in X such that @ = §df.

Proof. Let us suppose for a moment that there exists ¢ as in the conclusion of
proposition 3.1. Since @ = §.df, we have

f=Cof = df=(ofdf = df=hdf,
where h = (¢" o f)~! and h|p = 1. This implies & = j.df, where j = j.h. Since &
and df are convergent, so is g. Moreover, g|p = 1. Let us prove the existence of (.

Let D; be an irreducible component of D and p € D; be fixed. Let [W, (u, z)]
be a coordinate system around p such that p € U := W N D; = (z = 0) and
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f has a representative f(u,z) € O(U)[[z]] over U. Since f(u,0) = 0, we get
Flu,2) =M fy(u, 2), k(U) 2 1, fo € O(U)][2]] and fu(u,0) # 0.

Remark 3.3.1. The integer k(U) depends only of the irreducible component D;.
It will be called the multiplicity of f at D; and will be denoted by k;.

Since Op is a noetherian ring, the germ fp € Op of f at p can be decomposed as
F = ke
where m; > 1, hj(p) = 0 and h; is irreducible in O, for all j =1, ..., .

Claim 3.3.1. For each j € {1,...,s} there exist hj € O, and ¥; € O, such that
0j(p) # 0 and hj = v;.h;. In particular, each (hj = 0) is invariant for F. Moreover,
we can write f, = &.2% .. .hM: where & € Op and &(0) # 0.

Proof. Tt follows from theorem 3.1 that the germ of F at p has a first integral g € O,
such that f, = pog, where € C[[t] and u(0) = 0. If we set u(t) = t™.5(t), where
m > 1, f € C[[t]] and B(0) # 0, then f, = Bog.g™. Since §o g(0) # 0, the
formal zeroes of fp have convergent representatives given by the decomposition of
g™. This implies the claim. (I

Notation. The germs (z = 0), (h; = 0), ..., (hs = 0) will be called the separatrices
of F through p. The integer m; > 1 will be called the multiplicity of the separatrix

Let S = (h = 0) be a germ of separatrix of F at p, where h € O, is irreducible.
We have two possibilities : either S is contained in some irreducible component of
E, or not.

Claim 3.3.2. Let m be the multiplicity of h in fp. If m > 2 then S is contained
in some irreducible component C of E. In this case, C is invariant for F.

Proof. Tt follows from claim 3.3.1 that we can write fp = h’”.q@, where ¢E € Op. We
have R . R R
@p = Gp-dfy = Gp-d(h™.¢) = K™ §p.(m.¢p.dh + h.dp) .

Hence, h divides all coefficients of @, and (h = 0) C sing(®). Since
codx+(sing(F)) > 3 and & represents F on X \ E, any irreducible component
of sing(w) which cuts X \ F has codimension > 3. This implies that (h = 0) C E,
because (h = 0) has codimension one. Since h is irreducible in O,, it follows that
(h = 0) must be contained in some irreducible component of E, say C. This com-
ponent C' contains a non-empty open subset (in C') which is invariant for F and
this implies that it is invariant for F. O

Lemma 3.3.1. Suppose that there exists p € D and a separatriz off through p,
say (h1 = 0), with multiplicity one. Then the conclusions of lemma 3.1 are true.

Proof. In this case, the germ fp € O, can be written as fp = G.hy.hy?.. R, where
& is an unit in Op. It follows from theorem 3.1 that fp has a first integral g € O,
such that g(p) = 0 and f, = Bo g, where 8 € C[[t]]. Clearly 5(0) = 0. Let us
prove that 3/(0) # 0. Set 8(t) = tf.u(t), where £ > 1, u € C[[t]] and u(0) # 0. Let
g=g7"...g." be the decomposition of g into irreducible factors. Then

l.ny l.ng

G.hy hy? R zﬁog:gé.,uog:,uog.g1 G



14

Since & and p o g are units in Op, it follows that there is j € {1,...,k} such that

gf'nj and h, differ by an unit in Oy, so that £.n; = 1. Therefore, £ = n; = 1, which

implies that 3’(0) # 0.

Since ((0) # 0 there exists ¢ € C[[t]] such that ( o §(t) = ¢. It follows that g =
Co fp = (¢ Of)p. This implies that there exists p € D such that (o f)p converges.
Hence, (o f satisfies the hypothesis of lemma 3.2.1, and so it converges. ([l

The next result will imply lemma 3.1 and the main theorem.

Lemma 3.3.2. There existsp € D and a separatrix of]:" through p with multiplicity
one.

Proof. The proof will be by contradiction. Suppose by contradiction that F has
no separatrix of multiplicity one. Let H be a ¢-plane of CV, where { = N — n + 2,
such that 0 € H. Denote by H the strict transform of H N X by II.

We can assume that H N E = H N D. If sing(X) = {0} then D = F and
the assertion is trivially true. Suppose that sing(X) # {0}. In this case, the
closure of E\ D in B is the strict transform of sing(X) by II. Recall that the
first blowing-up in the process was a blowing-up at 0 € B C C¥. Denote it by
Iy : (By,PN¥~1) — (B,0). Let T and H; be the strict transforms of sing(X) and H
respectively by II;. Since dim(Hy) = N —n+ 2, dim(T) = dim(sing(X)) <n —3
and (N —n+2)+ (n—3) =N — 1 < dim(By), if we choose H in such a way that
H, is transverse to all strata of T then T'N H; = (). This, of course, implies the
assertion.

In the above situation, we have X N H = (X* N H) U {0}. Tt follows from
the theory of transversality that we can choose H in such a way that it cuts X*
transversely, so that any irreducible component of X N H has an isolated singularity
at 0 € CV and has dimension 2 = (N —n +2) +n — N.

Let S C X be an irreducible component of the strict transform of H N X by II
(dim(S) = 2). Since H N E = H N D and all separatrices F have multiplicity > 2,
it follows from claim 3.3.2 that, if p € SN D and h is a separatrix of F through
p then (h = 0) C D. Note that S* := S\ D is smooth of dimension 2, so that
sing(S) C D.

After new blowing-ups involving only points or curves contained in S N D, we
can assume that S is smooth and cuts transversely all the irreducible components
D;, 1 < j <r. We can assume also that for each j € {1,...,r} the curve SN Dj; is
smooth and cuts tranversely D; N D;, for all ¢ # j.

Let D,N S = U;ezl Cy; be the decomposition of D, NS into irreducible compo-
nents. Denote by [Cy;] the class in H7 (S) of the divisor Cyj. Let L € H% (S) be
defined by

T S¢

(5) L= kelCyl:=) ko [Cs].
=1 j=1 o

In (5) we set k, = k¢ if 0 = (£7). Since S N D is contracted to a point by II,
it follows that L? < 0, because the intersection matrix ([Cy].[Cy])ou is negative
defined (cf. [La]).

Let i: S — X be the inclusion map and G = i*(F) be the induced foliation.
It follows from (F) that the singularities of G are the corners Cyp; N Cpyy # 0,
where ¢ # m. Moreover, the Camacho-Sad index (cf. [C-S] or [Su]) of G at a
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point p € C¢; N Cy,; with respect to Cyj, denoted by CS(G,Cyj,p), is —km/ke.
This follows from the fact that F has a first integral of the form z,’ﬁ;”.zf" in a
neighborhood of the point, where (z; = 0) and (z,, = 0) are local equations of Dy
and D, respectively (see theorem 3.1). It follows from Camacho-Sad theorem (cf.

[C-S] or [Su]) that

1
() (G =) CS@G.Cop)== D hulks=—7-D kulCr)IC,]
pECs pEC;ﬂCu 7 pn#o

On the other hand, (5) and (6) imply that

L2=>"R2(CeP+ > kuke [CL)[Ca] =0,
o pn#o

a contradiction. This contradiction implies lemma 3.3.2 and the main theorem. [

4. APPENDIX.

In this appendix X will be a germ at 0 € CV of an irreducible complete in-
tersection analytic set. In this case, the generating ideal of X has generators
f1s o, [ € On such that dim¢(X)+k = N. From now on we will fix these genera-
tors. Let B be a ball around 0 € C¥ such that fi, ..., fx have representatives, which
by simplicity we will denote by the same letters. The ball B will be taken small in
such a way that (f; = ... = fr = 0) is irreducible in B. For simplicity, we will denote
X = (f1 =...= fx = 0). Wewill set sing(X) = {p € BNX |df1(p)A...Adf(p) = 0}
and X* = X \ sing(X). We will suppose that sing(X) # 0. Note that X* is a
holomorphic sub-manifold of complex dimension n = N — k of B\ sing(X).

With these conventions in mind, we will prove the following results :

Proposition 4.1. Suppose that dim(sing(X)) < dim(X) — 2. Then any holomor-
phic function g € O(X*) can be extented to a holomorphic function g € O(B). In
particular, the germ of X at 0 € CV is 0-regular.

Proposition 4.2. Suppose that dim(sing(X)) < dim(X) — 3. Then any holomor-
phic 1-form w € QY(X*) can be extended to a holomorphic 1-form & € QY(B). In
particular, the germ of X at 0 € CN is I-reqular.

Proposition 4.3. If dim(sing(X)) < dim(X) — 3 then H'(X*,0) = 0.

In the next result, we will consider the case of a complete intersection X =
(fi = ... = fr = 0) C B, with an isolated singularity at 0 € CV. In this case,
X*=X\{0}.

Proposition 4.4. Suppose that sing(X) = {0} and dimc(X) > 4. If the ball B is
small enough then H*(X*,O0*) = 1.

Next we state some facts that will be used in the proof of the above results. The
first one is the following (cf. [G-R] page 133) :

Theorem 4.1. Let Z be an analytic subset of a Stein manifold M with dim(M) =
N. Ifdim(Z) < N —{—2 then H (M \ Z,0) =0 for 1 <j </.
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The second one, is a consequence of De Rham-Saito division theorem (cf. [D-R]
and [S]) and the fact that X = (f1 = ... = fr = 0) C B is a complete intersection.
Let U be a Stein open subset of B\ sing(X) and V = X*NU # . Let e; € O(B)*
be defined as e; = (0, ...,0,1,0, ...,0), where the 1 appears in the j'* position. Set

k
(7) F=Y"fj.e; € \(O¥(B)) .
j=1
Theorem 4.2. If G € AV (O(U)*) is such that G’ NF =0 and 1 < j < k—1 then
there exists HI=1 € AI=1(O(U)*) such that G = HI"1 A F.

The third is also a consequence of the fact that X is a complete intersection and

that sing(X) = {q € X |df1(¢) A ... Ndfx(q) = 0}.

Remark 4.0.2. Let U be a Stein open subset of B\ sing(X) and V = XNU C X*.
If h € O(U) is such that h|y = 0 then there exist hy, ..., hx € O(U) such that

k
h=> hj. filv -
j=1

From now on, we will fix a Leray covering U = (U;);es of B\ sing(X). We will
set V; =U; N X* and V := (V}),es. Note that V is a Leray covering of X*. Given
o= (01,...,01), we will set Uy :=Uy,, N...N Uy, and V, :=V, N..NV,,.
Definition 4.1. Let X = {E, == e;, A ... Neg, |1 < 01 < ... < 0y < k}. An
(-vector of s-cochains in U is an element GY =Y s, goEy, where g, € C*(U,0)
for all o € Xf. Tts coboundary, defined by 6G* = Y 0 095Es, is an f-vector of

(5 + 1)-cochains. The set of f-vectors of s-cochains in ¢ will be denoted by A%(U).
In the case £ = 0 we set A%(U) = C*(U, O).

The following consequence of theorem 4.2 will be usefull :

Lemma 4.0.3. Fiz s, integers with s > 1 and 1 < £ < k—1. Assume that HY (B
5ing(X),0) =0 for 1 < j < s+£. Let G € AL(U) be such that SGEANF = 0. Then
there exist HL =Y € A=Y (U) and H!_, € A'_(U) such that G = HAANF+6HY .

Proof. Note that 6G4 A F = 0 and theorem 4.2 imply that there exists Giﬁ €
AL 1 (U) such that
0GE=GANF = SGLIANF=0.
When ¢ = 1, the last relation implies that 6G%,; = 0, and so G%,; = 6H? for some
H? € C*(U,0), because H*T1 (U, 0) = 0. In this case, we get
§(GE-HYF)=0 = GL=H)F+6H! |,
where H! | € AL_,(U), because H*(U,O) = 0.

‘When ¢ > 1, we get by induction that for all j € {0,...,¢ — 1} there exists
GiH_j € Ai-‘,—é—j (U) such that
(8) 6T, =G, NF = G,  AF=0.

If we do j = 0 in the second relation in (8) we get

8GY =0 = Gy =0H) 0,
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because H*T*(U, O) = 0. Hence,
8(Goppmr —Hy y NF) =0 = Gy =H)y ( ANF+0Hg, 5,
because H*™*~1(U,O) = 0. Tt follows that
0Ge g a=(H) g 1 NF+0H )) NF=0Hg s NF =
0(Giapn—Hypy o NF) =0 = Gl p=Hyy o NF+0HI, ;5.

S S

By induction, there exists H:~1 € AY~1(U) such that
WG -HS'AF) =0 = GY=H'AF+6HE
where H!_, € AL_,(U). O

Proof of proposition 4.1 Observe first that dim(X) = N — k, and so
dim(sing(X)) < N—k—2. It follows from theorem 4.1 that H’(B\sing(X),0) =0
for 1 <j<k.

Fix a holomorphic function g € O(X*) and let us prove that it can be extended
to a holomorphic function § € O(B).

Let U = (Uj); and V = (V;); be as before. For each j let g; € O(U;) be an
extension of gy, to U;. If V; = () we define g; = 0. Since (g; —g:)|v;; = 0, it follows
from remark 4.0.2 that there exist 1-cochains g1, ..., g%, g7 = (95 v, 20, 7 =1, k,
such that

k
9) 9i—9i=Y_ g fr -
r=1
Let F be as in (7). Consider the (k — 1)-vector of 1-cochains G¥~! defined by
k
(GY iy = (1) ghier A Nér A Ay
r=1

and the k-vector of 0-cochains G defined by (G§); = gjei1 A ... Aeg. Then (9) is
equivalent to

SGh=G"'ANF = 606GV 'AF=0.
Since H?(B \ sing(X),0) = 0 for 1 < j < k, we get from lemma 4.0.3 that there
exist HF ™2 € A¥=2(U) and HY ™' € A}~ (U) such that G¥ 1 = HF 2 AF 4 6HE
which implies
(10) S(GE—HF'AF)=0.

If we set
k
(Hy ;=Y (1) "hjer Ao Aép A New , b € OU;) .
r=1
then (10) is equivalent to
k

95— gi= 3 (W) —hD).f, .

r=1
The above relation implies that there exists , g € O(B \ sing(X)) such that gy, =
gj —Ele h%.fr. The function g extends g to X \sing(X). Since cod(sing(X)) > 2,
it follows from Hartogs’ theorem that g can be extended to B. (]
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Proof of proposition 4.3 It follows from theorem 4.1 that H7(B\sing(X),0) =0
for 1 < j <k+1, because dim(sing(X)) < N—-k—-3=N—-(k+1)—2.

Let U = (Uj)jes and V = (V}),cs be as before. Since V is a Leray covering of
X* it is sufficient to prove that H'(V,0) = 0.

Fix g1 = (gij)vi, 20 € ZY(V,0). We want to prove that g; = dhg, where hy =
(hj); € C°(V,0). Extend each gi; to gi;; € O(Uy;), thus obtaining g1 = (gij)u,, ., €
C'(U,0). Set 6 g1 = (gije)u,,,+0, where Gije = Gij + Gje + Gei- If Vije # 0 then
Gijelvi,e = 9ij + gje + gei = 0. It follows from remark 4.0.2 that

¢
(11) Gijk = Y Gi I

r=1

where g7, € O(Uyjr). Let G5 € A5~ (U) be defined by

k
(G5 Vige=> (-1 " gliper A Nér A Aey

r=1

Then (11) is equivalent to
(12) SgreiN..Nep,=Gs'ANF = 606Gy 'AF=0,

where F is as in (7). Therefore, lemma 4.0.3 implies that there exist HY ™2 €
AE=2(U) and HFT! € A¥71(U) such that

GEl'=HY'"AF+6H ' = dgiei N Nex=0HIT'ANF =

S(GreihNep—HFE PAF)=0 = giet A Aep=HF YANF 4+ 0H)
where Hf = hoei A ... Aeg, ho = (hj); € COU, O). Since F|x+ = 0, it follows that

9ij = (hj = hi)lvi; = 9 — (hj = ha)l lvi; =0,
if V;; # 0. Hence H*(X*,0) = 0. O
Proof of proposition 4.2 Recall that X = (fy = ... = fr = 0) C B. For
1 <0<k set Xe=(fi =..=f =0)and X; = X\ sing(X,). Note that

sing(Xy) = {p € X¢ | df1(p)A...Adfe(p) = 0} and that X is a complete intersection
of dimension N — ¢. We set also, X§ = B\ sing(X). In this way, we have B \
sing(X) = X§ D X7 D ... D X; = X*. Note that H*(X,0) = 0 (see theorem
4.1). We need a lemma.

Lemma 4.0.4. For all 1 < ¢ < k we have dim(sing(X,)) < dim(X,) — 3. In
particular, H'(X},0) =0 for all 0 < j < k.

Proof. For £ = k this is the hypothesis. Let 1 < ¢ < k. If we set W = (fo41 = ... =
fr = 0) then dim(W) = N — (k — £). On the other hand,

Wnsing(Xe) = (fi=...= fr=0)N(dfv A ... Ndfe = 0) C sing(X) .
This implies that
dim(W N sing(X,)) < dim(sing(X)) < dim(X)—-3=N—-k—-3.
On the other hand, we have
dim(Wnsing(Xy)) > dim(W)+dim(sing(Xe))—N = dim(sing(X))—k+{ =
dim(sing(X¢)) < N —{—3 = dim(X,) — 3. O
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The idea is to prove that if £ € {1,...,k} and w, € Q'(X}) then w, can be
extended to a form wy_1 € Q*(X;_;). This will imply that any 1-form w* € Q' (X*)
can be extended to a 1-form © € Q}(Xy) = Q' (B)\ sing(X)). By Hartog’s theorem,
the form @ can be extended to a form w € Q(B), because cod(sing(X)) > 3. This
will finish the proof of the proposition. Since the proof of all steps is similar, we
will do only the first one.

Let U and V be as before. Fix a form w* € Q'(X}). Since U; is Stein, we can
extend w*|y, to w; € QYU;).

Claim 4.0.3. We can find the extensions w; of w*|y, in such a way that, if Us; # 0
then

k
(13) Wi —w; = Z frocif; where of; € QN (Us;) .
r=1
Proof. Since wj — w; |v,;, = 0, we can write

2 k
wj —w; = Z gi;-dfr + Z fr-ai; where g;; € O(U;j) and of; € QY (Uyy)
r=1 r=1
Let g" € C1(V, O) be defined by g" = (97
for all r € {1, ..., k}.
Let us prove the assertion for r = 1. Fix p € Vs # 0. Then w;(p) — wi(p) =

Sy g5 (p).df, (p). Since df1(p) A ... Adfi(p) # 0, we get

(w;(p) — wi(p)) Adfa(p) A ... Adfir(p) = gi;(p)-dfs(p) A ... Ndfr(p) =

vi; )vi,#0- We assert that ¢ € Z'(V,0),

= 9;;(p) + 95:(p) + 9 (p) = 0.

Hence, 6g* = 0. In a similar way, we get dg” = 0 for all » > 2. Since H}(X*,0) = 0,
for all r = 1,...,k, there exists h" = (h])y,4p € C°(V,0) such that g" = dh".
Extend h} € O(V;) to b} € O(U;) (if V; = 0 set h} = 0). Define @; = w; —
Zle ﬁ;.dfr. For p € V;; # ) we have

k
@(p) — @i(p) = > _ (g5;(p) — K5 (p) + Iy (p)).dfr(p) =0 .

r=1

This implies that all coefficients of @; —@; vanish on V;;. Hence, there exist 1-forms
ay; € Q'(Uj;) such that

k
~ ~ ~r
W; —w; = E Jrag;
r=1
O

It follows from claim 4.0.3 that we can find extensions w; € Ql(Uj) of wilv;,
Jj € J, such that, if U;; # 0 then

k
_ r
Wy — Wi = § fT'aij ,
Jj=1
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where of; € Q' (Uy;), 1 <r < k. Write of; = Zévzl a;; dzs, where af; € O(Uyj). If
pE Ul'j N X;_l, then

N
(14) w;(p) — wi(p) = fu(p)-af;(p) = fr(p). Y _ a3;(p) das .

s=1
It follows from (14) that, if U;; N Xj_; # 0 and p ¢ X7 then af;(p) + a3,.(p) +
a’;(p) = 0. Since Ui N (X, \ X{) is dense in U N X}, it follows that
(aj; +a5, +a7)|v,;,nx;_, = 0. This means that (af;v,;nx;_)v,nx;: 20 € ZXun
Xi 1,0), whereUNX;_ | ={U;NnX}_,|je T}

Since H*(X}_,,0) =0, for all s = 1,..., N, there exists ¢® := (Cj)UjﬂX,’;,ﬁf@ €

Co(U N X;_,,0) such that aiilu,nxy | = ¢i — ;. Extend ¢ to hi € O(U;) and

define 1; € Q1(U;) by n; = S0, hS da,. Set

(:Jj =Ww; — fk.’I]j .

The reader can check that, if p € X} | then @;(p) — @;(p) = 0. This implies that

there exists wj_, € Q'(X};_,) such that wi_|v;nx; , = @jlu;nx;_,. The 1-form
wj_, extends w* to X}_,. O
Proof of proposition 4.4 Let X = (fi = ... = fr = 0) C B be a complete

intersection with an isolated singularity at 0 € B € CV. Here we suppose that
dim(X) > 4. We take the ball B with small radius, in such a way that :

(i). For any smaller ball B, := {z € CV; ||z|| < r} C B then the sphere S, = 0B,
is transversal to X. This implies that N, := S, N X is a real smooth compact
submanifold of CV of dimgN, = 2dimc(X) — 1.

(ii). X* has a conical structure, that is, it is homeomorphic to N, x R.

We want to prove that H'(X* O*) = 1. As we have seen, H'(X*,O0) = 0. It

follows from the exact sequence

0=HY (X", 0) — H\(X*,0") % H2(M,Z) — ...
that it is sufficient to prove that 6* = 0. In fact, we will prove that X™* is sim-
ply connected and that H?(X*,Z) is finite. Let us prove that this implies that
HY(X*,0%) =1.

Since 6* is injective, we get that H!(X*, O*) is finite. Let r = #(H(X*, O%)).
Fix a Leray covering ,V = (V});, of X* and let g = (gij)v,,+p be a multiplicative
cocycle. We can assume that gi; = 1. This implies that if V;; # () then g;; is a
constant, a rt"-root of the unity. Therefore, g is a cocycle in H'(V,S'), where
S1 C C is the unit circle, considered as a multiplicative group. But, ITy (X*) = 1
implies that H*(X*, S') = 1. Hence, g ~ 1.

It follows from (ii) that X* has the same homotopy type of N,.. Therefore, it
is sufficient to prove that I1;(N,) = 1 and H?(N,,Z) is finite. For the proof that
H?(N,,Z) is finite, it is sufficient to prove that B2(N,.) = 0, so that we will prove
that Ho(N,,Z) = 0, which implies 35(N,) = 0.

Given € = (eq, ..., €), define

Fe = (fl = €1y .oy JK :Ek)QET s Fe = FE\ST and Ne = FEFTST .

Since X cuts S, transversely at N,, it follows that, if ||| := |e1]| + ... + |ex| is
small then N is homeomorphic to N,. On the other hand, the following facts are
known :
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(iii). If min{|e1], ..., |ex]} > 0 and ||¢|| is small then F, is smooth and so a Stein
manifold. This fact implies that :

(iv). The inclusion N, - F, induces isomorphisms

I, (N.) & T, (F,) ,if dimc(F,) > 3

and
Hy(N.,Z) % Hy(F.,Z) if dimc(F.) >4 .

(v). (Milnor-Hamm). F, has the homotopy type of a finite cell complex of real
dimension dimg¢(X) and is dimc(X) — 1 connected (cf. [L] pg. 72-73).
Since dimc(Fe) = dime(X) > 4, we get from (iv) that

Hl(NE) ~ Hl(FE) and HQ(Ne,Z) ~ HQ(Fe,Z)

and from (v) that II;(F.) = 1 and Hy(F.,Z) = 0, which finishes the proof of the
proposition. (I
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