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ABSTRACT. Pseudo-parallel (shortly PP) submanifolds are defined as a gen-
eralization of semi-parallel (shortly SP ) submanifolds and as extrinsic analogue
of pseudo-symmetric (shortly PS) manifolds (in the sense of R. Deszcz) [1], [26].
Asperti et al [1] obtained a description of PP hypersurfaces in space form as quasi-
umbilic hypersurfaces or cyclids of Dupin and studied PP surfaces with maximal
first normal bundle in space form and classified complete simply connected PP
submanifolds in space. In the last years many results obtained about a class of
surfaces in Euclidean space, pseudo-parallel hypersurfaces in pseudo-Riemannian
space forms and pseudo-parallel real hypersurfaces in complex space forms, ap-
peared in [19], [15], [16] respectively. In this paper we study the PP hypersurfaces
in Riemannian manifold not necessarily a space form; Moreover we give a descrip-
tion of semi-parallel surfaces in BCV spaces.
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1 Introduction
Let (M, g) be a n-dimensional, n ≥ 3, semi-Riemannian connected manifold of class C∞.
We denote by ∇, S, and κ the Levi-Civita connection, the Ricci tensor, and the scalar cur-
vature of (M, g), respectively. A (0, k)-tensor field T on (M, g) is called parallel when it is
invariant under parallel translation, i.e. when

∇T = 0,
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in particular, if the (0, 4)-Riemann-Christoffel curvature tensor R is parallel, i.e.

∇R = 0,

then M is said to be locally symmetric.
In the following, by R we will also denote the curvature operator such that:

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,

As is well known, every (1, 1)-tensor field A on a differential manifold determines a
derivation A· of the tensor algebra on this manifold, commuting with contractions. In par-
ticular, the anti-symmetric (1, 1)-tensor field R(X,Y ) induces derivations R(X,Y )·, thus
associating with a (0, k)-tensor field T, the (0, 2 + k)-tensor R · T defined by:

(R · T )(X1, X2, . . . , Xk;X,Y ) = (R(X,Y ) · T )(X1, X2, . . . , Xk)
= −T (R(X,Y )X1, X2, . . . , Xk)− · · ·
−T (X1, X2, . . . , R(X,Y )Xk).

One has
R(X,Y ) · T = ∇X(∇Y T )−∇Y (∇XT )−∇[X,Y ]T.

ByR ·R we denote in this way the (0, 6) -tensor field obtained by the derivation of the second
R, the (0, 4)- curvature tensor, using the curvature operator, the first R. If

R ·R = 0, (1)

then M is called a semi-symmetric space [20], [22]. It was already recognized by E. Cartan
that all locally symmetric spaces and all 2-dimensional Riemannian space fulfill the condi-
tion (1). When talking about semi-symmetry, we will always assume n ≥ 3. The condition of
semi-symmetry for hypersurfaces M of Euclidean spaces En+1 was first studied by K. No-
mizu in [18]. He asked the question if there exist complete irreducible and simply connected
Riemannian manifolds of dimension n ≥ 3 satisfying R · R = 0 and which are not locally
symmetric. In 1972, R. Takagi [24] and later also K. Sekigawa produced such examples, as
hypersurfaces in Euclidean spaces. In 1982-84 Z. Szabó obtained a full intrinsic classifica-
tion of semi-symmetric Riemannian manifolds. And soon after that Z. Szabó and J. Deprez,
independently, obtained the classification of all semi-symmetric hypersurfaces in Euclidean
spaces [9], [21].

Locally, each semi-symmetric space belongs to one of the following three classes:

(1) the trivial class consisting of all locally symmetric spaces and all 2-dimensional Rie-
mannian manifolds,

(2) the exceptional class of all elliptic, hyperbolic, Euclidean and Kahlerian cones,

(3) the typical class of all Riemannian manifolds foliated by Euclidean leaves of codimen-
sion two [20], [22].
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2 Pseudo-symmetry
To state the definition of pseudo-symmetry in Deszcz sense, we first determine a (0, k + 2)-
tensor Q(g, T ) associated with any (0, k)- tensor field T on a semi-Riemannian manifold M
by:

Q(g, T )(X1, X2, . . . , Xk;X,Y ) = ((X ∧g Y ) · T ) (X1, X2, .., Xk)
= −T ((X ∧g Y )X1, X2, .., Xk)−
−T (X1, X2, . . . , Xk−1, (X ∧g Y )Xk)),

where X ∧g Y denotes the endomorphism given by:

X ∧g Y = g(Y, Z)X − g(X,Z)Y.

A semi-Riemannian manifold Mn = (Mn, g), n ≥ 3, is said to be pseudo-symmetric in the
sense of R. Deszcz if the (0, 6)-tensor fields R ·R and Q(g,R) on M are linearly dependent,
i.e., if there exists a function

LR : M −→ R

such that
R ·R = LRQ(g,R) (2)

holds on UR = {x ∈ M |R − κ
n(n−1)G 6= 0 at x}, where G is the (0, 4)-tensor of (M, g)

defined by
G(X1, X2, X3, X4) = g((X1 ∧g X2)X3, X4)

for all X1, X2, X3, X4 vector fields of M [3], [10], [26].
Clearly, every semi-symmetric manifolds is pseudo-symmetric. The converse is not true;
there are pseudo-symmetric manifolds which are not semi-symmetric. For instance, the
warped product Sp ×F Sn−p, p ≥ 2, n − p ≥ 1, of the standard spheres Sp and Sn−p with
some warping function F and Schwarzschild space time are a non semi-symmetric pseudo-
symmetric manifold [10]. We mention also that certain spacetimes are pseudo-symmetric,
among others: the Robertson-Walker spacetimes and generalized Robertson-Walker space-
times, the Kottler spacetimes as well as the Riessner-Nordstrom spacetimes [7], [11]. The
condition of pseudo-symmetry arose during the study of totally umbilical submanifolds of
semi-symmetric manifolds, and also arose during the consideration of geodesic mapping onto
semi-symmetric manifolds [3], [10], [26].
It is known that every totally umbilical submanifold, with parallel mean curvature vector
field is also pseudo-symmetric (or more generally, in a pseudo-symmetric) manifold is also
pseudo-symmetric. In particulair, extrinsic spheres in pseudo-symmetricRiemannian man-
ifold are also pseudo-symmetric. Further, if a semi-Riemannian manifold (M, g)admits a
geodesic mapping (A diffeomorphism which maps geodesic lines into geodesic lines) onto a
semi-symmetric (or more generally, in a pseudo-symmetric) manifold then (M, g) is pseudo-
symmetric.

Remark 2.1. [10]
Q(g,R) = 0⇐⇒ R =

κ

n(n− 1)
G
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If at a point x ∈M , we have R = κ
n(n−1)G then R ·R = 0 holds at x. Thus the pseudosym-

metry condition is trivially fulfilled on M − UR
A hypersurface M of En+1 is pseudo-symmetric if and only if M is semi-symmetric or

has at most two distinct principal curvatures [10], [26].

3 Extrinsic notions of pseudo-symmetry

Let M be a submanifold of Riemannian manifold N , when N is a space form (i.e. With
constant sectional curvature c) will be denote by N(c) and let h be the second fundamental
form of M .

The extrinsic analogous classes of symmetric, semi-symmetric and pseudo-symmetric
respectively are: symmetric or parallel submanifold (∇h = 0), semi-parallel submanifold
(R · h = 0) and pseudo-parallel submanifold (R · h = LhQ(g, h)). For parallel and semi-
parallel submanifolds and others generalizations see [17].

The basic Gauss, Codazzi-Mainardi and Ricci equations give that the extrinsic condi-
tions Parallel, semi-parallel and pseudo-parallel imply the correspondent intrinsic conditions
symmetry, semi-symmetry and pseudo-symmetry respectively see [1]

Proposition 3.1 Let Mn be a hypersurface of Riemannian manifold (Nn+1, g) and let ξ a
unit normal vector and {e1, e2, . . . , en} be an orthonormal basis of the tangent space of Mn

which diagonalizes the Weingarten operator Aξ. If Mn is pseudo-parallel then:

[K(ei, ej) + λiλj − Lh](λj − λi) = 0, (3)

for all i 6= j

Where λi = g(Aξei, ei), K(ei, ej) = g(R(ei, ej)ej , ei) and R is the Riemannian curva-
ture of Nn+1

Proof. Let λi = g(Aξei, ei) be the principal curvature in the direction of ξ, following the
proof in [1] and using the Gauss equation we get the equation 3

Corollary 3.2 If (Nn+1, g) is a space form with constant curvature c and Mn is PP we get

[c+ λiλj − Lh](λj − λi) = 0, (4)

for all i 6= j

Which is the proposition 3.1 [1] up sign in the second term, because they used the wedge
product (X ∧g Y )Z = g(X,Z)Y − g(Y,Z)X.

Remark 3.1. The work is in progress for the hypersurface in Sasakian space form.

The condition 3 is also sufficient for PP.

Remark 3.2. For n = 2. Lh is the Gauss curvature; So every surface is PP. Which is not the
case for SP surfaces.
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In [4] We classified parallel surfaces in BCV spaces. The following 2-parameter family
of Riemannian metrics.

gl,m =
dx2 + dy2

{1 +m(x2 + y2)}2
+
(
dz +

l

2
ydx− xdy

1 +m(x2 + y2)

)2

, l, m ∈ R. (5)

is called the Bianchi-Cartan-Vranceanu metrics. The metrics as above are defined over the
whole 3-space R3 for m ≥ 0 and over the region x2 + y2 < −1/m for m < 0. We shall call
the homogeneous Riemannian 3-manifolds M3 = (M3, gl,m) defined by

M3 =
(
{(x, y, z) ∈ R3 | 1 +m(x2 + y2) > 0}, gl,m

)
the Bianchi-Cartan-Vranceanu spaces (BCV-spaces in short)[4].

Theorem 3.3 [4] Let (M3, gl,m) be the BCV-space with 4m− l2 6= 0.

(1) If l 6= 0 : then the only parallel surfaces in (M3, gl,m) are Hopf cylinders over Rie-
mannian circles in M̃2.

(2) If l = 0 : then the only parallel surfaces in Riemannian symmetric space M3
0,m with

m 6= 0 are totally geodesic leaves and Hopf cylinders over Riemannian circles in M̃2.

Here Riemannian circles in M̃2 are curves in M̃2 with constant geodesic curvature, where

M̃2 =
(
{(x, y) ∈ R2 | 1 +m(x2 + y2) > 0 }, dx2 + dy2

{1 +m(x2 + y2)}2

)
.

Let γ̃ be a curve parametrised by arclength in M3/ξ with curvature κ̃. Then taking the
inverse image S := π−1(γ) of γ̃ in M3. We shall call this surface S the Hopf cylinder (or
Boothby-Wang cylinder) over γ̃, where ξ = ∂

∂z .
Take an orthonormal frame field E = (e1, e2, e3):

e1 = {1 +m(x2 + y2)} ∂
∂x
− ly

2
∂

∂z
, e2 = {1 +m(x2 + y2)} ∂

∂y
+
lx

2
∂

∂z
,

e3 =
∂

∂z
.

Then the dual coframe field ϑ = (θ1, θ2, θ3) is given by

θ1 =
dx

1 +m(x2 + y2)
, θ2 =

dy

1 +m(x2 + y2)
, θ3 = dz +

λ

2
ydx− xdy

1 +m(x2 + y2)
.

Note that the one-form η := θ3 is a contact form on M3 if and only if l 6= 0. The Levi-Civita
connection ∇̄ of M is described by the formulae:

∇̄e1e1 = 2mye2, ∇̄e1e2 = −2mye1 +
l

2
e3, ∇̄e1e3 = − l

2
e2,

∇̄e2e1 = −2mxe2 −
l

2
e3, ∇̄e2e2 = 2mxe1, ∇̄e2e3 =

l

2
e1, (6)
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∇̄e3e1 = − l
2
e2, ∇̄e3e2 =

l

2
e1, ∇̄e3e3 = 0.

[e1, e2] = −2mye1 + 2mxe2 + le3, [e2, e3] = [e3, e1] = 0. (7)

the curvature tensor R̄ is described by the formula:

R̄1212 = 4m− 3
4
l2, R̄1313 = R̄2323 =

l2

4
. (8)

The Ricci tensor Ric of M is given by

R̄11 = R̄22 = 4m− l2, R̄33 =
l2

2
.

Hence the scalar curvature s̄ is s̄ = 8m− l2/2.

Remark 3.3. The geodesics of M3 are calculated by Sitzia [23], see also [5], [2], for geo-
metric properties of this metric.

Proof. Let {X1, X2, X3} be an orthonormal frame field of S such that X3 = N . Denote by
{ω1, ω2, ω3} the dual coframe field to {Xi}. We can write ω3 = pθ1 + qθ2 + rθ3. Since
{ωi} is orthonormal, p2 + q2 + r2 = 1. The vector fields u1 = re1 − pe3, u2 = re2 − qe3

are tangent to S. In particular if r 6= 0, {u1, u2} is a (local) frame field on S. By direct
computations using (3.4) we obtain the following:

Lemma 3.4 The normal components of curvature tensor R̄ are described by

(R̄(u1, u2)u1)⊥ = qr3(l2 − 4m)N, (R̄(u1, u2)u1)⊥ = −pr3(l2 − 4m)N.

Assume that the second fundamental form h of S is parallel. Then the Codazzi equation
implies:

(R̄(u1, u2)u1)⊥ = (∇u1h)(u2, u1)− (∇u1h)(u1, u1) = 0. (9)

Similarly we have
(R̄(u2, u1)u2)⊥ = 0. (10)

First we consider the case r 6= 0.
Case I r 6= 0.
The preceding lemma implies p = q = 0, since we assumed λ2 − 4µ 6= 0. Hence

ω3 = θ3. Namely S is an integral surface of the distribution D defined by η = 0.

Subcase (i) l = 0: in this case S is an integral surface of the distribution D defined
by dz = 0. Hence S is a leaf M̃2 × {z0} for some z0. Note that this leaf is totally
geodesic.

Subcase (ii) l 6= 0: since η in this case is a contact form, there are no integral surfaces
of D. This implies that this case cannot occur.
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Case II r = 0.
In this case ω3 has the form ω3 = pθ1 + qθ2. Since p2 + q2 = 1, we may write

p = cosϕ, q = sinϕ. In addition, the orthonormal vector fields v1 = qe1 − pe2, v2 = e3

give an orthonormal frame field tangent to S.
Next by using (3.4), we have

∇̄v1v1 = v1(q)e1 − v1(p)e2 + 2m(px+ qy)N, ∇̄v1v2 = − l
2
N,

∇̄v2v1 = − l
2
N + (v2(q)e1 − v2(p)e2), ∇̄v2v2 = 0.

By the symmetry of second fundamental form, we get pv2(q)−qv2(p) = 0. Equivalently
we have v2(ϕ) = 0.

By the Gauss formula we obtain the induced connection and the second fundamental
form:

∇v1v1 = 0, ∇v1v2 = 0, ∇v2v2 = 0, (11)

h(v1, v1) = {v1(ϕ) + 2m(px+ qy)}N, h(v1, v2) = − l
2
N, h(v2, v2) = 0. (12)

The mean curvature vector field H of S defined by

H =
1
2

tr h (13)

is computed as
H = HN, 2H = v1(ϕ) + 2m(px+ qy).

Since h is parallel, the mean curvatureH is constant. Furthermore (3.9) implies that S is flat.
Moreover (3.9) implies that we can take z as a (local) coordinate of S and hence there exists
a local coordinate system (t, z) such that

∂

∂t
= v1.

Thus the equation v2(ϕ) = 0 implies that ϕ depends only on t. With respect to this coordinate
system (t, z), the constancy of H is rewritten as

dϕ

dt
= 2{H −m(cosϕ(t)x(t) + sinϕ(t)y(t))}, H ∈ R. (14)

It is easy to see that S is generated by two coordinate curves. The z-coordinate curves are
geodesics and integral curves of the vector field e3. The t-coordinate curves are horizontal
curves of curvature 2H . Let us denote by γ(t) the t-coordinate curve in M3. Then it is easy
to see that γ is a Frenet curve of osculating order at most 3. The principal normal vector field
of γ is the restriction of N on γ. The binormal vector field B of γ is ±e3. We can assume
B = e3. The Frenet-Serret formulas of γ are given by

∇̄γ′(T,N,B) = (T,N,B)

 0 −2H 0
2H 0 − l

2

0 l
2 0

 (15)



330 GÉOMÉTRIES ET DYNAMIQUES

This implies that t-coordinate curves are of constant torsion l/2. Hence t-coordinate curves
are horizontal curves of curvature 2H . Let us denote by γ̃(t) = (x(t), y(t)) the projection
of γ to M̃2, namely γ̃ = π ◦ γ. One can check that γ̃(t) is of constant curvature 2H .
Equivalently t-coordinate curves are horizontal lifts of Riemannian circles of curvature 2H
in M̃2. (In particular the case H = 0, γ̃ is a geodesic in M̃2.)

Recall the surface S is parameterized by t and z. And the t-coordinate curves are hor-
izontal lifts of Riemannian circles in the base space with curvature 2H . Thus we conclude
that S is a Hopf cylinder over a Riemannian circle of curvature 2H . In particular, S is pa-
rameterized by (x(t), y(t), z). We finish this paper by considering these Riemannian circles
more in detail.

From the definition of v1, we notice that

dx

dt
= sinϕ(t)f(t),

dy

dt
= − cosϕ(t)f(t), f(t) := 1 + µ(x(t)2 + y(t)2). (16)

Here ϕ(t) is the solution to (3.12). The equation (3.14) says t is the arc length parameter of
γ̃.

The function f(t) satisfies the following ordinary differential equation:

d

dt
log |f(t)| = 2µ{x(t) sinϕ(t)− y(t) cosϕ(t)}. (17)

On the other hand, differentiating (3.12),

d2ϕ

dt2
(t) =

dϕ

dt
(t)

d

dt
log |f(t)|. (18)

If ϕ′ = 0, then from (3.14) we obtain that γ̃ is a straight line. So we assume that ϕ′ 6= 0.
Comparing (3.15) and (3.16), we have

f(t) = αϕ′(t), α ∈ R.

Hence we obtain the following explicit expression for γ̃:

(x(t), y(t)) = (−α cosϕ(t) + x0,−α sinϕ(t) + y0). (19)

Therefore the curve is a circle centered at (x0, y0).

Therefore it is interesting to study SP in some special manifolds, namely BCV spaces we
got

Theorem 3.5 Let M2 be a surface of Riemannian manifold (N3, gl,m) (BCV spaces) with
m 6= 0 and 4m− l2 6= 0.

Then M2 is properly SP (non parallel) if and only if it is flat.

Proof. The Corollary 8.4 [4] implies the nonexistence of totally geodesic surfaces and ex-
trinsic spheres–i.e., totally umbilical surfaces with parallel mean curvature vector fields, in
contact 3-space forms with c 6= 1. Therefore using the corollary and suppose that the surface
is semi-parallel we show that the surface is flat.
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Example 4. [14] Let f be a linear function of x and y. Then it is easy to see that the graph r
of f is a plane and is minimal in (N3, g1,0) . However planes are not flat. In fact the Gaussian
curvature is given by

K =
3 + 2(b− x/2)2 + 2(a+ y/2)2

4{1 + 2(b− x/2)2 + (a+ y/2)2}2
> 0

for f(x, y) = ax + by + c, a, b, c ∈ R. Which is not semi-parallel. We know that every
surface is semi-symmetric, this shows that semi-symmetric do not imply semi-parallel.

Example 5. Let (f(u), g(u)) be a regular curve parametrised by arclength in xz-plane such
that
f(u) > 0. The surface of revolution with profile curve (f(u), g(u)) = (u, 1

6

√
(u2 + 3)3 is a

flat surface in (N3, g1,0) [6] then it is SP surface.

Example 6. Let (x(u), y(u)) be a curve in the xy−plane parametrised by arclength u. The
cylinder over a curve (x(u), y(u)) is M(u, v) = (x(u), y(u), v), its mean curvature is H =
1
2{ẍ(u)ẏ(u)− ẋ(u)ÿ(u)} = −κ(u)

2 , where κ(u) is the curvature of the curve (x(u), y(u)),
and ẍ(u), ẋ(u) denote the second and the first derivative respectively [4]. We remark that if
κ(u) is non constant then the cylinder in (N3, g1,0) is SP non parallel.

Remark 3.4. (1) For the geometric interpretation of Pseudo symmetry see [13]

(2) J.Van der veken proved in his PhD thesis that ”A surface immersed in an arbitrary
three-dimensional Riemannian manifold is semi-parallel if and only if it is flat or totally
umbilical.” [25].
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